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Chapter 1
Sobolev Spaces

1.1 Spaces of Continuous
Functions

As seen in Definition A.21, continuous functions
on open sets may still have undesirable
behaviours such as being unbounded. Like
demonstrated in Proposition 1.33, uniformly
continuous functions are quite a bit easier to work
with. In particular, the additional requirement
allows extending the function to the boundary:

Definition 1.1 (UC Space). Let U C R? be an
open set, and f: U — R. Define UC(U) as the
space of uniformly continuous functions on
U, then

1. UC(U) equipped with the uniform norm is a
Banach space.

2. If U is bounded, then f € UC(U) if and only
if it admits a continuous extension to U.

If U is bounded, then we identify functions in
UC(U) with their extensions in C(U).

Proof. (1): Let {f,};° C UC(U) be a Cauchy
sequence, then there exists f € C'(U) such that
fn — f uniformly. Let € > 0, then there exists
n € N such that ||f, — f|| < 1/3. By uniform
continuity of f,,, there exists ¢ > 0 such that

| fn(z) = fn(y)| < £/3 whenever |z —y| < 6.
Therefore

[f(@) = )| < |fulx) = (@) + [fuly) = F(y)]
+1fn(@) = foly) <e

whenever |z —y| < J, and f € UC(U).

(2): Suppose that f is uniformly continuous. Let
z € U be a boundary point. Take {x,};° C U
S_llCh that x,, — = and define

f(z) =lim, o f(zy). If {y,}]" is another such
sequence, then by uniform continuity,

|f(zn) — f(yn)| = 0 as n — co. Hence the
extension is well-defined.

Let € > 0, then there exists § > 0 such that

|f(z) — f(y)| <e/2 for all z,y € U with

|z —y| < d. Let z,y € U with |z — y| < §/2, then
there exists z € B(x,d) N B(y,d) NU, and

[F(x) = T < [J (=) = F ()| + [T (y) = [ (2)]

< 2 ||f - f(Z)Hu,B(z,tS)ﬁU <e

so the extension is uniformly continuous as well.

If f admits a continuous extension on g, then
since U is bounded and U is compact, f and f are
uniformly continuous as well. O

This concept also extends to differentiable
functions. Note that this does not imply any
form of differentiability on the boundary.
Definition 1.2 (UC* Space). Let U C RY be
bounded and open, f: U — R, and k£ € N, then
feUCHU) if f € C*(U) and for any multi-index
a with |a] <k, 0¢f e UC(U).

For any multi-index a with |«| < k, define

1o = 110%FIl.,

then the topology on UC¥(U) is defined by the
family of seminorms {|[-||, : |a| < k}.

By Proposition B.9, Z|a|<k [/l is a norm on

UCK(U), inducing the same topology. Moreover,
UCK(U) is a Banach space.

Proof. Let {f,,};° C UC*(U) be a Cauchy
sequence. By completeness of C'(U), there exists
f € C(U) such that f,, — f uniformly. By
Theorem C.8, completeness of UC(U), and
induction, f € C* with 0“f = lim,,_~, 0“f, for
all & with |a| < k. Therefore f € UC*(U). O
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Some particularly nice functions exhibit special
forms of uniform continuity, allowing us to
estimate the difference much more precisely.
Definition 1.3 (Holder Continuity). Let X.Y be
metric spaces, f : X =Y, and v € (0, 1], then f is
Holder continuous with exponent v if there
exists C' > 0 such that

d(f(x), f(y)) < C-d(z,y)”

for all z,y € X.

Definition 1.4 (Holder Space). Let U C R be a
bounded open set and v € (0, 1]. For any
feUC(U), define

oo =oup { LSOy 1)

as the y-th Holder seminorm. For any k € N,
define the Hoélder Space

CFYU) = {f e UCKU) : [0°flcon < ocVa}

as the space of UC*(U) functions that, along with
all of their partial derivatives, are
Holder-continuous. The topology on C*¥(U) is
defined by the seminorms {||-||,, : |o| < k} from
UCK(U) as well as {[0%]co, : |a] < k} the
Holder seminorms on all of the derivatives.

Just like UC*(U), the sum of all the seminorms
produces a norm on C*7, which makes it a
Banach space.

Proof. Let {f.}7" C C*7(U) such that
ZneN ||f’n||ck . < 00, then there exists

F € UCK(U) such thatz _fi = Fin UCKU).

It is sufficient to show that F along with all of its
derivatives are Holder-y continuous as well.

Let a be a multi-index with |a| < k, then
v <z
j<n con  GSn

for all n € N. Therefore

[8aF]CO,w < Z[&"‘fj]co,w < 00
neN

By Proposition B.2, C*7(U) is a Banach
space. Od

Definition 1.5 (Smooth Functions). Let U C R
be a bounded open set. Let C>°(U) be the space
of smooth functions on U. For any f € C*(U),
multi-index o, and K C U compact, let

||f||K,(y = ||aaf||u,K

as the uniform norm of 0% f in K. The topology
on C*°(U) is defined by the family

{||||Km : K C U compact, o € Ng}

where f, — f in C if and only if 9% f, — 9°f
uniformly on compact sets for every multi-index
.

Since U is o-compact, if {K,};" is an exhaustion
of U by compact sets, then the family

{||.||KM ‘neNae Ng}

induces the same topology, making C'>° a Fréchet
space.

Proposition 1.6. Let U C R? be open and
f € C>=(U), then the multiplication map
C=U) = C>*U) g—fyg

is continuous with respect to the topology on

c=(U).

Proof. Fix K C U compact and a multi-index
o€ Ng. By the multi-index product rule,

o7 = X ()@ o)

V<o

(07
ol < S (W) 11l Nl

Y<a

> ( ) 1l 3 Nl
v<a 7sa
Y<a

so the map is continuous by Proposition B.12. [
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Definition 1.7 (Test Functions). Let U C R? be
open, then the space D(U) = C°(U) of
compactly supported smooth functions is known
as the test functions.

The topology on D(U) is significantly more
complex than the previous spaces, but working
with it is not difficult. Let {f,};" C D and f € D,
then f, — f in D if:

1. There exists a compact set K such that
supp (f.) C K for all n € N.
2. fn — f in C°°.
The space D(U) is complete.

Proposition 1.8. Let U C R? be open and
f € C>®(U), then the multiplication map

DU) = D) g fg

is continuous with respect to the topology on
D(U).
Proposition 1.9. Let U C R¢ be open, then
1. D(U) is dense in C*°(U) with respect to the
topology on C*(U).
2. C*>(U) is dense in C(U) with respect to the
uniform norm.
3. D(U),C>(U),C(U) are dense in LP(U) for
any 1 <p < oo.
4. D(U),C>=(U),C(U) are dense in L>(U)
with respect to the weak topology.

Proof. (1): Let {K,,}7° be an exhaustion of U by
compact sets. Let n € N, then by Urysohn’s
lemma, there exists x,, € D(U) such that

Xn|Kn =1 and supp (Xn) C Kpy1.

Let K C U compact, then since the interiors of
{K,}{° are open and cover X, there exists n € N
such that K C U o< K,,. In which case, for any
fec=U), flk = fxklx for all k > n. Therefore
fxe — fin C(U).

(2): Let f € C(U) and assume without loss of

generality that f > 0. By Urysohn’s lemma, there
exists g € C>(U, [0,]|f]], /3]) such that

L. g|{f22||f||u/3} =111l /3

2 9lr<isn, sy =0
so ||f —gll, <2l|fll, /3. Since for any f € C(U),
there exists g € C*°(U) with
IIf —gll, <21|fll, /3, applying this process
iteratively yields that f € C>°(U) with respect to
the uniform norm.

(3), (4): Skipped. a

1.2 Sobolev Spaces

In this section, let U C R? be an open set and
1<p< oo

When viewing things through the eyes of test
functions, derivatives can be taken to be functions
that simply behave like one. In particular, the
behaviour we are looking for is

Lemma 1.10. Let f € C*(U), ¢ € D(U), and
a € N¢ be a multi-index, then

(0 f,0) = (=111 (f-07¢)

Proof, by induction on |a|. Let 1 < j < d and
R > 0 such that supp (¢) C [~ R, R]?. Extend
both functions to [~R, R]¢ by filling in zeros
elsewhere. Split = (z/,z;), then using
integration by parts,

FOS = | @O0
v [-R,R
=/]Rd—1 /_Z [0°f - @] (¢, xj)djda’
R
= —(=1)l /U,f-8a+€a‘¢
= (—1)|“+ea‘|/Uf.aa+ej¢

Definition 1.11 (Weak Derivative). Let
felLl (U),ge L (U),and a € Nd be a
multi-index, then g is the a-th weak partial

derivative if

(f,0°¢) = (-1)I*1(g.4) Vo D)
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If the a-th weak partial derivative exists, then it
is unique, and denoted as D f.

Definition 1.12 (Sobolev Space). Let k& € N and
f € LP(U), then f € WhP(U) it D*f € LP(U) for
every multi-index o with |o| < k, and W*»(U) is
the Sobolev space.

The topology on WP (U) is defined by the

seminorms
{I1D /1o lal < &}
Equivalently,

[ lioese]

S iDofll p=oo

p <o
||f||wk7p(U) =

is a norm on W*?(U) inducing the same topology.
The Sobolev space W*P(U) is a Banach space.
Moreover, for any {f,};” C W*?(U) and

f € WkP(U) such that f, — f in WkP(U),

Def,, — D*f in LP(U) for all a with || < k.

Proof. Let {f,};° € W*P(U) be a Cauchy
sequence. By completeness of L?, there exists
Jo € LP(U) such that D*f,, — g, in LP for all «
with |a] < k.

Let ¢ € D(U) and o € Nd such that |a| < k, then
(-, D*¢) € LP(U)*. By continuity,
Jim (fp, D) = lim (=1)* (D% fn, ¢)
(9. D%¢) = (ga; &)
so g € WEP(U) with D% = g,. O

Proposition 1.13 (Product Rule). Let ¢ € D(U)
be a test function, o € N& be a multi-index,
J € L .(U) such that D7 f exists for all v < a,

then

pecn =3 (7)@ow

y<a

Proof. Tt is sufficient to show the proposition for a
single partial derivative. Applying the same

algebraic manipulations as in the multi-index
product rule yields the desired result. Let
1< j <d, then

(Cf.D'¢) = (f,(D'¢)
= (f,D’(¢o) — ¢D'()
=—(CDf,6) = (fD¢,¢)
= —(CDIf — D¢, 9)
DI(¢f) = (D7 f — fD'¢

Corollary 1.14. Let ¢ € D(U), then the
multiplication map

WhP(U) - WhP(U) fes Cf

is bounded.

Definition 1.15 (Local Sobolev Space). Let
k€Nand f € LL _(U) such that D*f exists for

loc
all o« with |a] <k, then f € VVIIZCP(U) if for any
V ccU, fly e WkP(V).

The topology on I/VIIZC”(U ) is induced by the
seminorms

OMllwesy -V cc U}

Like C>(U), since U is o-compact, WP (U) is a
Fréchet space.

1.3 Approximations by
Smooth Functions

In this section, let d e N, k € N; 1 < p < o0, and
¢ : R — R be a mollifier.

Lemma 1.16 ([1, 5.3.1]). Let f € L\, a € N,
and suppose that D f exists, then

D(f x¢) = (Df) * ¢
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Proof. By Proposition C.18 and the chain rule,
D(f * ) () = [ * (D‘%)( /)

= [, Fw)Ds6u(a — y)dy

= (- )'“‘ [ F@)Dén(x = y)dy
= 2'“'/ D f(y) - ¢e(x — y)dy
= (D*f) % ¢

O

Using mollifiers, we can approximate functions
defined on the whole space using smooth
functions.

Theorem 1.17 ([1, 5.3.1]). Let f € W*?(R%),
then f* ¢, — fin WEP ast — 0.

In other words, C°°(R9) is a dense subspace of
Wkp(R9).
Proof. Let a € N¢ be a multi-index, then

IDf = D(f * @o)ll,, = |[D*f = (DUf) * ull,
which goes to 0 by Proposition C.18. O
The advantage of mollifying functions on the
entirety of R is that the resulting functions are

actually defined on the whole space as well. If
U C R4 is open, then for the convolution integral

* xTr) = T — d

(Fxo0@) = [ flr =)o)y

to make sense, f * ¢; can only be defined on
={z e R : 2 — supp (¢4) C U}

While LP functions on U can simply be extended
to the whole space by filling in 0 elsewhere,
functions in W¥P cannot be extended easily
unless they are compactly supported.

Lemma 1.18. Let U C R? and f € W*P?(U) be
compactly supported. Define

o) = f(x) €U
o {0 z & supp (f)

then F' € WFP(R?).

Proof. Let K C U be compact such that supp (f)
is in the interior of K. By Urysohn’s lemma,
there exists ( € C°(RY) x =1 and
supp (¢) C U.

Let ¢ € D(R?), then for any o € N¢ with |a| < k,

D) = 3 (Z)D%-Da—ﬁc
BLla
Da(d)C) |supp(f)

= D (=D
since (|x = 1 and supp (f) is in the interior of K.
From here, since /¢ € D(U) and ¥Clsupp(s) = ¢,

(f,D*(Q)) = (D f,4C)
(F, D) = (D“F, 1)
where
o {f(a:) vev
0 x & supp (f)
so ¢ € WhP(RY). |

Lemma 1.19. Let U € R? be open and
f € WFP(U) be compactly supported, then there

exists a sequence {f,};° C C2°(U) such that
fo = fin WEP(U).

In other words, C¢°(U) is dense in the space of

compactly supported functions in W*»(U).

Proof. Extend f to R? as in Lemma 1.18, then

[ * ¢ — fin WFP(R?). Since f is compactly
supported, so is f * ¢; for all ¢ > 0. Thus there
exists tg > 0 such that supp (f * ¢;) C U for all

t <to. Let fo = f % Gy /n, then {f,}7° C C(U)
with f,, — f in WFP(U). O

The idea of expanding the approximation theorem
to arbitrary open sets lies in reducing the case to
compactly supported functions via a partition of
unity. Here, the first step is to obtain a
reasonably well-behaved open cover.

Lemma 1.20. Let U C R? be open, then there
exists {Uy, }{~ such that:

1. U, is open for all n € N.
2. U, ccU forallneN.
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3. UneN U,=U.

4. For each x € U, there exists a neighbourhood
V. € N°(x) such that V, N U, for only
finitely many n € N.

Proof. Let
Vi={2 €U :d(z,U°UB(0,n)°) > 1/n}

Take U,, = Vp3 \ Vg1 for n > 1, and Uy =V,
then (1) and (2) are automatically satisfied.

Let « € U, then there exists n € N such that
d(z,U°) > 1/n and ||z|| < n — 1. In which case,
x €V, and z € Uk<n Un,, so (3) is satisfied.

Lastly, for any = € U, there exists n € N such that
x € V. In which case, V,, is a neighbourhood of x
with V,, N Uy = 0 for all k > n. Thus V,, only
intersects finitely many U,s. Therefore (4) is
satisfied. O

Theorem 1.21 ([, 5.3.2]). Let U C R? be open
and f € W*P(U), then for any € > 0, there exists
g € C=(U) such that ||f — gllyer(r) <&

In other words, C>(U) is dense in WP (U).

Proof. Let {¢,};° be a smooth partition of unity
subordinate to {U, };° as in Lemma 1.20. For each
neN, ¢,f € WFP(U) is compactly supported in
U, so by Lemma 1.19, there exists g, € C*(U)
such that ||g, — gbnf||Wk,p(U) < &2, Let

g= Z(::l gn, then

||g - f”Wk,p(U) S Z ||gn - ¢nf||Wk«,P(U)
=1

n
<ed 27"=c¢
neN

so |lg — fllwxry <& On the other hand, for
each x € U, there exists a neighbourhood

V, € N°(x) such that V,, N U,, # 0 for only finitely
many ns. In which case, there exists N € N such
that

N
g|V1 = Z gn|VI

n=1

As each g,, is smooth on V,;, so is g. Since such a
neighbourhood exists for every = € U,
g€ C>(). O

Theorem 1.22. For any 1 < p < o0,
Cx(R) = Wy P (RY) = WFP(RY)

Proof. Let f € WFP(R?) N C*>(RY) and

¢ € C(R?) such that ¢|p(o,1) = 1. For each

n €N, let ¢, (x) = ¢(x/n), then by the chain rule,
||D%¢y]l, < ||D*¢||, for all a € N&. Let

Jfn = [ ¢n, then

IIf - fn||wk,p(]Rd) =|f- fn”Wk«,p(mc)

1+ > IID“¢I|u]

la <k

<

X ||f||Wk,p(B(07n)“‘)

which goes to 0 as n — co. O

1.4 Extensions

Like before, directly extending functions on the
Sobolev space by filling in zeroes may break weak
differentiability. Moreover, certain domains
simply do not allow extensing functions in a nice
way. Take for example,

U=(-1,00U0(0,1) f(z)= {1 z>0

-1 =<0

then even though f is smooth on U, it is
impossible to extend f to a domain containing 0.
For this section, we restrict our attention to
domains with suitably nice boundaries:

Definition 1.23 (Differentiable Boundary). Let
U C R be an open set and k € N, then U is of
class CF if for every x € OU, there exists a
neighbourhood V' € N°(z), an open set V C R?,
and a C*-diffeomorphism ¢ : V — V such that

y € U if and only if the d-th coordinate ¢(y)qg > 0
forally e V.

The pair (V, ¢) is a chart at z.
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%% .~ P
b 1% ‘/

Figure 1.1: A Boundary Chart

The chart here serves two purposes:

1. By making the boundary ”straight”, it is
easier to perform certain calculations.

2. The neighbourhood requirement means that
we can cleanly separate the interior from the
exterior and avoid pathological situations like
the above example.

This allows us to work in the nicer straightened
domain instead of the original domain. We will be
translating our work using the following lemma:

Lemma 1.24. Let U,V C R? be open, and
¢ : U — V be a Ct-diffeomorphism such that D¢y
and Dp~! are bounded, then

e WFP(V)NCHV) 5 WHP(U) fes fop

is a bounded linear map. Moreover, if ¢, p~! are
UC', then ¢* maps UC" functions to UC'"*
functions.

Proof. Let f € C*(V), then

/U " fIP do = /V |det D™t - [f|P da
< |Idet Dol - [If 1170 vy
over a change of variables,
D(¢*fla = D(f 0 @)e = D foo(z) © Dipa
S NP Pl do < [ [|DF o[ o 1D da
% IIlelﬁ/U |Df || da
< [1Dg|l7 ||det D],
X [ID 7w (v

so [|o*]] < [|1Dell,, - (1 + || det Do~ H[[.). .

Figure 1.2: Setup for Mollification

The first step to extending the functions is at the
boundary, and that requires uniform continuity.

For the rest of the section, let U € R? be a
bounded open set with C' boundary and
1<p<oo

Lemma 1.25 (Local UC Approximation). Let
V,W c R be open with W cC V and denote

Vt={zeV:zg>0}
Wt={zcW:x4>0}

as in Figure 1.2.

Let f € WhP(VTH)nCYH(VT) with supp (f) € W,

then there exists {f,};° C UC* (V1) such that
fou > £ 0 WPV,

Proof. Note that f is only defined in VT, with
support in W. We can extend f to

{x ER?: 24> O} by filling in zero. Using the
mollification technique directly will not define the
function at the boundary. Instead, we mowve the
function towards the boundary and mollify it
there.

Firstly, since W is compactly contained in V/,
d(W, V) > 0. Let A = d(W,V¢) and ¢ € C*(R?)
be a mollifier with supp (¢) C B(0,1).

For each t > 0, let f; = 7_4c, f * ¢4, then for

t < A/2, f; is defined on VT. Here, since f; is the
convolution between a LP function and a bounded
function, f; and D f; are both uniformly
continuous.
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Therefore f; € UCH(V™) for all t € (0,/2), with

I1f - ft||Lp(v+) <|If- T—tedeLp(]Rd)
+ ||T—t€df — T tey [ * ¢t||LP(Rd)
— 1f = 7 tea o ey
11F = £ 5 01l o e

which goes to 0 as t — 0. The L?(R?) norms
above are computed by filling in zero outside of
the function domains. Similarly,

IIDf — th||Lp(V+) <IIf- DT—tedeLp(]Rd)
+ ||Df_ Df*(thLP(]Rd)

which goes to 0 as ¢t — 0 as well. Therefore
fo — fin WhP(V1), O

Theorem 1.26 (Density of UC Functions). Let
f € WLP(U) and ¢ > 0, then there exists

g € UCHU) N WP(U) such that

IIf - Illwrw@) <e

In other words, UC*(U) is dense in WP(U).

Proof. Assume without loss of generality that

f € CYHU). For each z € 9U, let (V,., p.) be a
chart at x. By restricting the chart domain,
assume without loss of generality that each

¢z, 5+ is UCT with bounded derivatives. Since
{Vz : x € U} is an open cover of OU and U is
bounded, there exists a finite number of charts
{(Vj,¢;)}] such that U C U;l=1 V;.

Let Vo = U, and {(;}; be a smooth partition of
unity subordinate to {V;},.

For each 1 < j <n, let f; = (;f, then
f; € CY(V; nU) with supp (f;) CC U;. Therefore
(cpj_l)*fj € C'(p;(V; NU)) with compact support
in ¢(V;). By Lemma 1.25, there exists
g; € UC(p;(V;NU)) such that

—1\* * 13
166585 = 95l o, vy < 77T

where [|¢}|| is the operator norm of ¢} as in
Lemma 1.24.

Let g; = ¢jg;, then by Lemma 1.24,

€
75 = gillwrr vy < 5

with g; € UCH(V; NU).
Let go = (of, then go € CH(U) C UCY(U). Take
g = Z::o gj, then

WE

IIf = g||W1,p(U) < llg; — ij”wl,p(vij)
0

<.
S

N

=&

<.
Il
A
Slo

O

UC functions admit extensions to U, if we can
bound the norm of this extension, we can define
this extension for every function in W12 (U). To
do this, we will need the following lemma:

Lemma 1.27. Let U C R? be a bounded open
set with OU € C'. Let = € 9U and (V,¢) be a
chart at  where ¢, o=t € UC? with bounded
derivatives.

Let S is the surface measure on U NV,
Vo={z€plV):x24=0}

and m be the (d — 1)-dimensional Lebesgue
measure on Vj, then the mapping

* LP(Vo,m) = LP(OUNV,S) fr fop
is bounded.

Proof. Since ¢ is a C'-diffeomorphism, it induces
a C''-diffeomorphism OU NV — V;. The result
follows over a change of variables. O

Lemma 1.28 (Local Trace [1, 5.5.1]). Let
V,W C R? be open with W CC V and denote

Vt={zeVizy>0}
Wt={xeW. zq>0}
Vo={zeV:zq=0}
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Define the trace operator
T :WhP(VHnUuCcH (V™) — LP(Vy, m)

with f — fly,, then T is bounded.

Proof. Since T € UCY(VT), T admits an
extension to @V, which includes Vy. For any
r € RY split © = (2, 24) with 2/ € R47L,

Let R > 0 such that {xq: (z,24) € W} C [0, R],
then by the Fundamental Theorem of Calculus,

£ 0) == [ 07wz

Let ¢ be the Holder conjugate of p, then

R
R

R
S/O |09f (2, xa)| dza
R 1/p
< Il [ 107 o) ]

SO
R 1/p
@0 < |[1po,m ][} [/0 Ié‘dﬂw',wd)!”dxd]

||f||LP(Vo) = ||1[0»R]Hq ' HadeLP(V‘*')

O

Theorem 1.29 (Trace [1, 5.5.1]). There exists a
bounded linear operator

T:WhP(U) — LP(JU)
such that T'f = floy for all f € UC(U).
Proof. Since UC(U) is a dense subset of

WLP(U), it’s sufficient to show that T is bounded
on UCYH(U).

vcl Uy  —  UCHUNYV;)

l(go,-—l)*
LP(0(V; N OU)) +—— UC(o;(V; N 1))

LP(V;noU) —— LP(dU)

Let {(Vj,¢;)}] be a family of charts such that
1. ;5" are UC! for each 1 < j < n.
2. Dgoj,Dgoj_l are bounded for each 1 < j < n.
3. U,_, Vi o au.

Let {¢;}] be a partition of unity subordinate to
{V;}{, and T} be the operator described in
Lemma 1.28, then

n

flov = 3" Gflov = 3 [03(07 ) (G )] low

: =1

@5 [ D (G D] oy ounvy)]

=
—

-

J=1

@57 ) (¢ )

-

1

J

Since each ¢7, T}, (cpj_l)*, and multiplication by
(; is bounded, the map f — f|or is bounded as
well. Therefore T' admits a unique extension to
Whr(U).

Lastly, for any f € UC(U), there exists

{fa}7° CUCH(U) such that f, — f uniformly.
Therefore f,|ouv — flou uniformly. Since
Tfn—=Tfin LP, Tf = flov. a

Using more advanced techniques, it is possible to
go even further and extend the function to the
entirety of R9.

Lemma 1.30 (Local Extension [1, 5.4.1]). Let
r >0, B = B(0,r) and denote
BT ={z€B:xq>0}
By={x € B:xz4=0}
BT ={z€B:z4<0}
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then there exists a bounded linear operator
E:Wh(BTYnUCYBT) - W'?(B)nUC*(B)

known as the extension operator. such that
(Ef)|p+ = f for any f € WIP(BH) 0 UCH(BY),

Proof. For any x € RY, split = (2, 24) with
' € RIL Let f € WhP(BY)nUCY(B?Y), then f
and 0?f can be extended to By with

: f(:v’,h)—f(x’,O) _ ad /
Jim = = 994 (a7, 0)

the one-sided limits being equal to the
”derivative” at the boundary. If we can "reflect”
f across the boundary in a way such that this
one-sided derivative is preserved, then we can
create differentiability at the boundary.
Let A € (0,1] and define f, : B~ — R with
(', 2q) = f(2',—Azy), then f~ € UCY(B™) with

hm f)\_ (xlvh) - f)\_(xlo) — hm f((l‘l,)\h) B f(ml»o)
h—0~ h h—0+t —h

= _Aadf(xlvo)

From here, define

@) xq 20
e {—3ff(rv) Fif(0) @a<0

then the piecewise definitions agree on By. For
each 1 < j < d, & F exists and is continuous.
Since 94F € UCY(B* U B™), it’s sufficient to
verify that O?F exists on By and is equal to its
extension from BT U B~. To this end, we find
that

. F(a',h) — F(2',0) .4 ,
i, FETEED 55
and
lim £ELM ZFELO _ 3ndrr 0y — 204 f (o', 0)
h—0— h

=0f(2',0)

So 94F exists on By. Since F is UC! on Bt and
B~, 0F agrees with the extensions from B+ and

10

B~. Therefore if we define Ef = F as above, we
have the desired extension operator.

Lastly, we need to verify that this extension is
bounded. To this end over a change of variables,

I wrosy < fllwresey +3If1 [Iwres-)
+ 4l f 1 llwrrs-)
< ||f||W1»P(B+) + 3[[fllwrr s+
+8|[fllwrrs+) < L2/ fllwrwp)

O

Similar to before, we can expand this argument to
arbitrary C' domains using partitions of unity.

Theorem 1.31 (Extension [1, 5.4.1]). For any
W C R? open such that U cC W, there exists a
bounded linear operator

T:WhP(U) — whP(RY)

such that:
1. Tfly = f a.e. for all f € WHP(U).
2. supp (T'f) C W for all f € WHP(U).

Proof. Like the trace operator, it’s sufficient to
define E on the dense space of UC! functions.
Let {(Vj,¢;)}} be a family of charts such that for
each 1 < j <n,

1. (pj,gajfl is UC!.

2. D(pj,Dgaj_l is bounded.

3. ¢;(V;) = Bj is an open ball centred at 0.
and U;‘l:1 V; D OU. For each 1 < j < n, let

E; : WHP(BH)NUCY(B}) — W'?(B;)NUC* (B;)
Foreach1 <j <1

v, (e )

UCc'(v) —— ucC'(UnV;) —— UCY(B})

|

CIRY +— UCHV;) 2 UC\(B))
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Let Vo = U and {(;} be a partition of unity
subordinate to {U; NW}(. For cach
f e WhP(U) N UCHU), define

Ef =Gf + 3G 9iE(e; ) (floay,)

j=1
then E is the desired operator. As supp ({;) C W
for each j, supp (T'f) C W as well.

Since F is bounded, it admits an extension to
WLP(U). To verify property (2), let f € WLP(U)
and {f,}7° c UC'(U) with f,, — f in WHP(U),
then f, — f and Ef,|y — Ef|y in LP. Since
Ef.|luv = fn for each n, Ef|y = f a.e. O

1.5 Difference Quotients

Let U C R9 be open.

Definition 1.32. Let r > 0,1 < j <d, and
f:U — C, then the j-th difference quotient

f(z + hej) — F(=z)
Dl fa) = e

is defined on
V={zeU:z+ (-rr)e; eU}

for all h € (—r,r).

Proposition 1.33. Let U C R? be open and
feCH(U)and 1 <j <d, then

D} f — D;f(x)
as h — 0 uniformly on compact sets.

Proof. Let x € U and h € R? such that 2 +h € U.
By the Fundamental Theorem of Calculus,

hes) - 1.
[t he) - IO [ 93 fa -+ the; )i

where

< /01 |07 f(x + the;) — & f ()| dt

11

Let K C U be compact. By Lemma A.16,
d(K,U¢) > 0. Therefore for all
h € B(0,d(K,U°)), fl@thej) = fl@) o

h
well-defined, and
KT ={zeR: d(K,z) < d(K,U%)/2}

is still a compact subset of U. Since &7 f is
continuous, it is uniformly continuous on K.

Let € > 0, then there exists § € (0,d(K,U°)/2)
such that |07 f(y) — &7 f(z)| < € whenever

|z —y| <. If h <4, then since x + the; € KT
with |z + the; — x| < d for all t € [0, 1],

/01 |07 f(x + the;) — & f(z)| dt < €

Since the choice of § is independent of x,

f(z+ hej) — (=)

D =ID ()

uniformly on K. O

Lemma 1.34 (Integration by Parts). Let
f €L (U)and ¢ € DU), then

<D;lfd)> = _<f’Dj_h¢>

for sufficiently small A.

Proof.
(D} f, )

[<T—h6j fv ¢> - <f7 ¢>]
|:<fv The; ¢> - <f7 ¢>:|
1

= — = [(f.7he, &) — (1. )]
=—(,D;"¢)

1
h
1
h

Theorem 1.35 ([1, 5.8.3]). Let 1 < p < oo,
felLl (U),and 1 < j <d, then the following are

loc
equivalent:
1. D,f exists and is in L{ (U).

loc

h in I ‘
2. D} f converges in L, (U) as h — 0.

loc
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3. Foreach V CC U, D;’ f converges weakly in
LP(V) as h — 0.

where the convergence in (2) and (3) is to D, f. If
p # 1, then the following is equivalent to the
above

4. For each V CC U, there exists r > 0 such
that {th h € (—r,r)} is bounded in
LP(V).

Proof. First suppose that 1 < p < oo.
Suppose that (1) holds. Assume that f € C1(U)

and let V' CC U, then by the Mean Value
Theorem,
Jf(x+ hej) — f(x

DI f( / D; f(x + the;)dt

1
:h/ D;f(x + the;)dt

By Jensen’s inequality,

| DI f(w) = D; f(a)]”
< /01 D /(2 + the;) — D, ()P dt

Integrating over V yields

1
IIDé‘f—DijIZZS/ ||7—the, D f = D, f|[7 dt
< up ||7the, Dif = D f|];

te(o,

Since translation is continuous in LP, the above
limit converges to 0 as h — 0.

Now suppose that f € L} (U) and satisfies (1),
then there exists {f,};" C Wlfx (U) such that
fn— fin VVI P For sufficiently small r,

Vi= U (V4he)ccU
he(—r,r)

12

so fn — f in WHP(V’). From here, decompose

||D;'Lf - DijLr(V)

< HD;Lf - D]hanLp(V/) +[|D; fn — DijLP(V’)
D= Dt

<||D}f - thnHLp(V/ + 3D fo = Difll o vy

+ sup HT—theJ-D f—=D; f”LP(V)
tel0,1

— tz}épl ||T—the,D f D; f||LP(V)

as h — 0. Therefore the same bound applies, and
th — D;fin L}, (U) as h — 0.

(2) = (3) = (4) directly.

Suppose that (3) holds and let V. CC U, then
there exists a distribution g € L?(V') such that
DI' — g weakly in LP(V). For any ¢ € D(V),

(9.¢) = lim (D} f, ¢) = — lim (f, D;"¢)
=- hm<f D;¢) = (f,D;¢)

so ¢ is the j-th weak derivative of f.

Now suppose that 1 < p < oo, then LP(V) is
reflexive. By Alaoglu’s theorem, there exists a
sequence {hn}‘l>o C (—r,r) such that h,, — 0 and
D‘?" f converges weakly as n — oco. By the above
arguments, D;-‘"f — D;f asn — oc. O



Chapter 2
Embedding of Sobolev Spaces
2.1 Lipschitz Continuity

Definition 2.1. Let U C R? be open, then a
function f : U — C is Lipschitz continuous if
there exists C' > 0 such that

|f(x) = f(y)] < Clo -y

for all z,y € U. The smallest such C is known as
the Lipschitz constant of f, denoted as

Lip(f) = [flcor -

By taking notation from the Holder space, let
C%1(U) be the space of Lipschitz continuous
functions on U, with topology induced by the
seminorms ||-||,, and [-]co.1 ().

Theorem 2.2 ([1, 5.8.4]]). There exists a
toplinear isomorphism

[:Whe(RY) — C¥N(RY)

such that for every f € W1 (R?),
1. If = f almost everywhere.
2. 1Al = M1 oo ety
3. Lip(If) = [[D ]l L mey-

so the uniform norm and the Lipschitz constant
are preserved.

Proof. Firstly, we show that I exists, is bounded,
and Lip(If) < [|Df|| e gay- Let V- CC U, then
by Morrey’s inequality, there exists a bounded
linear map

Iy - Who(RY) — BC(V)

such that Iy f = f a.e. on V. By covering R?
with a countable collection of bounded open sets
and gluing the resulting continuous functions
together, there exists a bounded linear map

I:Wh>(RY) - BC(R?)

13

such that If = f a.e. on R%.

To show that Lip(If) < [[D ||« ga), let

# € C(R?) be a non-negative mollifier, then
since I f = f a.e. and [ f is continuous,

froe=1fx¢e—1f

uniformly on compact sets. On the other hand,
for any t > 0,

|D(f * ¢u)(@)| = |Df * ¢u()]|
<UDl poe ey - 9l 1 gy

= [[Dfll oo (may
so |[[D(f * @)l < ||Df||p=(ga)- By the mean

value theorem, for any z,y € R?,

(f % 60)(@) = (f  00)(w)|

-1
<la =gl [ DU )y +s(o — y))lds
<z =yl [Dfll oo (ma)

Taking the limit yields that
[1f(z) = 1f(y)| < |z =yl [IDfl] oo (ray

so Lip(1f) < |[DfI] oo (ray-

Now we show that I admits a continuous inverse,
and || Df| yo sy < Lip(If) for any f € COT(RY).
Since If = f a.e. for every f € WHP(RY), the
inclusion map ¢ : C%1(R4) — W1P(R?) is its
inverse.

Let f € C%'(R?), then for any h € R, 1 < j < d,
and = € R?,

DI f(a)| = | R IO < g )

so for each V. CC U, D} f is bounded in L? for all
1<p<oo.
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By Theorem 1.35, Df exists and is in L (R?) for

loc

all1 <p<oo,and D"f — Df in L? (RY) as

h — 0. For each V CC U, there exists a sequence
{h,}{° C R such that h,, — 0 and D"~ f — Df
a.e., 50 ||Df|| vy < Lip(f). Since R9 can be
covered by countably many bounded open sets,

1D £l gy < Lin(f). O

2.2 Gagliardo-Nirenberg-
Sobolev Inequality

LetdeNand 1 <p<d.

The boundedness of the trace operator suggests
that we can bound the L" norm of a function
using the LP norm of its derivative, and exchange
differentiability for integrability. However,
integrating a function of the form ¢ — 1/ [¢|*
quickly shows that

1. Such an inequality can only hold for some
specific 7.

2. This r will depend on the dimension of the
domain.

Definition 2.3 (Sobolev Conjugate). Suppose
that p < d, then the Sobolev conjugate of p is

The case for p =1 is relatively easy to prove, and
sheds light on the general method of the proof.
We begin by formalising the mechanisms of
iterated integrals.

Definition 2.4. Let (X, M, u) be a o-finite
measure space. Denote

L) >R e (f) = [ fdp

Let {(X;, M;, 1ij)}} be a family of o-finite
measure spaces. For each 1 < j < n, define the

operator
n
pi L Qe | = L @
k=1 k#j

14

where for any f € L* (®Z:1 ,uk),

L1y L1, ,mn)

s Ti—1,Y, Ty, ,xn)dﬂj(y)

This corresponds to simply ”integrating out” the
j-th variable. Note that

1. This is a mapping between functions.

2. If a function f doecs not depend on x;, then
wif = f.

3. These integral operators can be applied
iteratively.

For example, Fubini’s theorem simply says that

<éﬂk> (f)=p1-p2--pin- f
k=1

composing these integral operators is the same as
taking the product measure.

Theorem 2.5 (Holder’s Inequality). Let

(X, M, 1) be a measure space, {r;}} such that

n 1 i n
Zj:l = 1, then for any {f;}; such that

fieLi(u) forall 1 <j<mn,

I
1

<1l

Fill e
L =

J

n

Theorem 2.6 (Iterated Holder’s Inequality). Let
n > 1, {(X;, M, u;)}] be a collection of o-finite

measure spaces, and f,g € LT (®Z=1 uk). If
n
f@)" < T1(uig)(ze, - i1, @ an)
j=1

for all x € H;L=1 X, then

1 n—1y < llglly

where the LP norm is taken over the product
n
measure ), | fik-
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Proof. For each 0 < k < n, we claim that

. 1/(n-1)
(o1 ==+ o) (f"/("_l)) < lH Nk,jg]
j=1

where for each 1 < j < n,

gy <y
M5 = .
JERERy " k>

Here, if k > j ork+1< j, then HE+1,5 = Uk - Pk,j5-

Otherwise, pg+1,j = px,j. Note that the base case
with £ = 0 is given at the beginning, and the case
with k& = n corresponds to the desired result.

Suppose that the proposition holds for k. By
Tonelli’s theorem,

n 1/(n—1)
(1 pret1) (f"’/("_l)) < M1 [H Mmg]

j=1

Note that for j =k + 1, pyj - g does not depend
on xy1. This allows pulling the factor out as

Jj=1

) — 1/(n—1
= (Nk:,k:-l—lg)l/(n 2 “ K41 H (1k,59) /=)
j#k+1

" 1/(n—1)
Hi+1 [H ,Uk,jgl

Here, using Holder’s Inequality on the product
with exponent r = n — 1 yields
1/(n—1)

pesr I (prj9)
jAk+1

1/(n—1)
< [ 11 (Hk+1ﬂk,j9)]
JAk+1

As mentioned before, py p+1 = ph+1,6+1 and
Mk k+1 = Mk+1,k+1- Combining the previous
equations gives

1/(n—1)
(p1 -+ pkg1) (fn/(n 1)) lH Nk+1,7g]

Jj=1

which proves the inductive step.

15

To collect the final result, we have that

. 1/(n—1)
(p1 -+ im) (f"/("‘”) < lH un,jg]
n/(n—1 n/(n—
=D < gl =)
||f||n/(n—1) < llglly

O

Theorem 2.7 (Gagliardo-Nirenberg-Sobolev
Inequality for p = 1). Let f € C}(RY), then

F 1| Larcan @ay < D Flr ey
where p* =d/(d —1).

Proof. Let & € R, then for each 1 < j < d, by the
mean value theorem,

@< [ IDf gy, )l dy

< [ IDF ey ) dy
= (- [[DfIN(21, - @jm1, g, -+ @a)
This allows computing
4 1/(d-1)
F1E = [H IDfID ]

By the Iterated Holder’s Inequality,

/a1y < 1D

which corresponds exactly to the desired
inequality. O

For the case of p > 1, breaking down the act of
taking a p-norm into three separate operations
allows regrouping and recomibing them.

Definition 2.8. For each v > 1, define the
operator
P, :R—RT x|z

and
PR RT z s [
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such that (P! o P,)(z) = |x].
If (X, M, u) is a measure space, denote
L2 LP(w) > R f = |If ]

which factors into L = P~ Yo yio P,. Moreover, if
q > 1 is another exponent, then we can represent

Lq=Pq_10ﬂqu
=P oP ool 0P,

—1
:Pq/poLPOPq/Z’

Theorem 2.9 (Gagliardo-Nirenberg-Sobolev
Inequality [!, 5.6.1]). There exists Cyp, > 0,
depending only on d and p, such that

Al Low may < DSl Lo ma)
for all f € CH(R?).
Proof. Let v > 0, then the mapping z +— |x|” is

absolutely continuous, with derivative y27~!. By
the p =1 case,

N ayca—ry < 112 (LI

where
v y—1
L DA<y [ 1t 11og]
by the chain rule. By Hoélder’s Inequality,

DA < AL g - 1D

where ¢ is the Holder conjugate of p. Combining
the inequality yields that

1 apa—ry < AT Nl - 1IDFI,

If we can move |||f|7 7" ||, over to the left, then
we would be done. To this end, we can decompose

WM ajqany = LY Vo Py f

= Pyya—1y°mo Pija-1yo Py f

—1
= Pyja—yyome Pyaja- - f
ik llg = Pq_1 omo Py 1y f

16

where m is the Lebesgue measure on R%. To
express both sides as a norm of f, we solve

vd Yy—DLp
o= 0—Da= ((p—l))
vd _ ap P
d—1 p—1 p—1
P P d
p—1 :V[p—l - d—J
P :Wp(d—l)—d(p—l)
p—1 (p—1(d-1)
p(d—1) _pld-1)

T pd-1)—dp—1)  d—p
and find that

¥ o _ dlp—1)q
=0 —De=——

_ _dp=Vp _ dp = p*
(d-p)p—-1) d-p

Setting v = p(d — 1)/(d — p) allows re-interpreting

N aya-1) = Pd_/%d—l) °mo Pyaa-1) - f
= Pd_/td_l) omo Py« f

:onLP* f=If :;*

A7 g = Py o 27 £ = 11

Bringing everything together yields

|||f|7||d/(d—1) <Al |f|v_1 llq - ||Df||p
IF113- < v IR - 1D,
fllg« <IIDS

P

O

Theorem 2.10 (Gagliardo-Sobolev-Nirenberg
Inequality [1, 5.6.3]). Let U C R? be an open set,
then there exists Cp ¢ > 0 such that

||f||LP*(U) < Cp,d ||Df||LP(U)

for any f € WO1 P(U). Moreover, if 1 < ¢ < p* and
U is bounded, then there exists Cp, 4, > 0 such
that

ey < Cpa DSl oy
for any f € W, P(U).



CHAPTER 2. EMBEDDING OF SOBOLEV SPACES

Proof. First consider the R? case. Let
fe Wol’p(Rd), then there exists {fn}(lx’ C C’gO(Rd)
such that f, — f in WHP(R).

As the inclusion map
w: WHP(RT) N CR(RY) — L (RY)

is bounded, it maps Cauchy sequences into
Cauchy sequences. So there exists g € LP” (R9)
such that f, — ¢ in L?" (R?). Since f, — f in
LP(R?) as well, f,, = g a.e., 50

[ralrys (Rd) < Cpd nh_{lgo ”Df'n“Lp(]Rd)
= Cpa ||Df||Lp(Rd)

as Df, — Df in LP.

If U ¢ R? is a bounded open set, then the
inclusion Wy ?(U) — W, P (R%) preserves the
norm of the derivative, and the restriction
LP"(R?) — LP"(U) preserves the norm of f.
Therefore the same inequality holds. O

If the domain is sufficiently nice, then the
extension theorem allows extending any function
in WiP(U) to a compactly supported one
W1P(R?). However, the extension operator is
bounded with respect to the full Sobolev norm,
instead of simply the derivative. For example,
even though 1o 1) admits C2° extension to R, its
derivative is 0, which cannot provide a useful
bound.

Theorem 2.11 ([1, 5.6.2]). Let U C R? be a
bounded open domain with OU € C*, then the
inclusion

w WHP(U) — LA(U)
is bounded for any 1 < ¢ < p*.
Proof. We can express ¢ty as a composition
WhP(U) — Wy P(RY) — LI(RY) — LI(U)

of F, 1, and restriction to U. O
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2.3 Morrey’s Inequality

Having seen the situation where p < d, we can
consider properties that can be gained with
greater integrability.

Lemma 2.12. Let ¢ be the Holder conjugate of p,
then there exists C} ¢ > 0 such that for any r > 0,

1 1/4q ay
- - 4 - C —d/p
[./B(O,'r) ] (4= 1 m] Pt

Proof. Since p > d, q(d — 1) < d. Using polar
integration,

= [ i

gd—1

(B0, 1))/0 s

where o(z) is the surface measure on 0B(0,1).
Here,

1
——dzx
/B(o,r) || (4= Da

(d_l)—(d—l)q:(d_1>_(d—l)P

p—1
_(@d-De-1H)-d-1p
p—1
d-1
T

Since —(d—1)/(p—1) > —1,
p—(d=1)/(p—1)+1

T d—1
/0 s = “d-D/p-1)+1

where
1_d—l_(p—l)—(d—l)_p—d
p—l_ p—1 _p—l
d—1]p—-1 _
{1 p—l] 3 =1-d/p
1/q
Cap = [0(0B(0,1) (1= =]
O
When p > d,

LR
/B(O,l) @ D/ S 0

since (d — 1)p/(p—1) < d.
In this section, let d € N and n < p < o0.
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Lemma 2.13. Let f € C'(R?) such that
f(0) =0, then there exists Cy > 0 such that

1 [|1Df ()]l
—_— <
m(B(0,7)) JB(0,r) = d/B(O,r) |41 o

where we trade the volume factor outside of the
integral for the 1/ |90|d_1 factor on the inside.
When p > d, this gives us control over the right
side integral via Holder’s Inequality.

Over translation, this means that for any
g € CY(R?) and z € RY,

1

B0 e 19 9N

[|Df(y)ll
< AP
<G /B(w,r> a1

Proof. Using polar integration,

| d—1 N N
/Bm,r) 7= /[O,r] 3 /asm,l) |f (sz)| do(2)ds

where o is the surface measure on 0B(0,1). By
the mean value theorem,

Fl < s [ D)t = [ IS

Integrating over the surface of the ball yields

Lo 16D do (@)
< Jua oo 1P

[0,5] /63(0,1) td—1 o(7)

_ 1D (@)l|
B(0,s) ||=[|%"*

faz)||do(z)dt

after combining the polar integrals. Plugging this
back into the first equation yields

< [ g1 DA g,
/B(O,T)|f| /[07‘] /B(0,s) [E2 e

[IDf (@] d-1
<
- [/B(Om) ll] 4 da:] [/[O-rls ds}

o IS @I
B(O,r) [Ja||*
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and
d [|IDf ()|
=g
B(0, >|f| /B<o,r> ot

1 DS @I ;.
<
‘/B(Oﬂ’) < dm(B(0,1)) JB(o,r) |z|*!

O

Theorem 2.14 ([1, 5.6.4]). The inclusion map
v CYRY N WP(RY) — BCO(RY)

is bounded with respect to the uniform norm on
BC(R?) and the Sobolev norm on WP (R?).

Proof. Let f € CYRY) NWLP(RY) and = € RY,
then
1

@) = o) Jyn, )y

fyo M@ = 1+ [ |

Df(y
< Ca /B(w,l) IS (|d)||1 dy+Cal|f - 1]l

[1Df ()]
< T d-1 )
<cuf A2yl

by Lemma 2.13 and since 1 < d < p with
m(B(0,1)) < co. Let ¢ = p/(p — 1) be the Holder
conjugate of p, then by Hélder’s Inequality,

1 1/q
1 < CalDS s [ [ ooty

+ Cap [l fllLe < Cap([[Dfll Lo + |[f1lLe)
d=1) ig

< Cy

since ¢/(d — 1) < d implies that 1/ |y|
integrable on B(0,1). O

Theorem 2.15 ([1, 5.6.4]). Let v =1 — d/p, then
there exists Cy,, > 0 such that for any
f € CLRY N WP (RY),

[f]’y < Cd.p ||Df||Lp(]Rd)

Proof. Let x,y € R%, r = |z — y|, and
W = B(z,r) N B(y,r), then

f(z) = f(y)] sﬁ/ If (@) — f(2)|d=
z)| dz
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Since
c, = m(B(0,r))
m(B(z,m) N B(y,r))

is independent of x, y, and r, we can use the same
ball average and leverage Lemma 2.13 to obtain

1

w7 o 1) = )] 2
: f(2) = £(2)] d=

- m(W) JB(z,r)
= B Jey [F@ — )l da

Cy
Df ()l

< ———d

- d/B(a;,'r) |z—93|d_1 N

< Capr” |IDfll 1o

m

Applying this to both terms yields that

|f(@) = f) < Capr” [IDfl
s0 [fly < Cap DSl 15 |

Theorem 2.16 (Morrey’s Inequality [1, 5.6.4]).
Let U C R? such that either U = R?, or U is
bounded with OU € C', then there exists a
bounded linear map

w o WHP(U) — C%(U)

such that ¢y f = f almost everywhere for all
fewhr(U).

Proof. First suppose that U = R?, then by
Theorem 2.14 and Theorem 2.15, tpa is bounded
on C'(R?). By the linear extension theorem, tga
admits a unique extension to W?(U). Let

f e WhP(R?) and {f,}5° € C'(R?) such that
fn— fin WYP, Since f, — f in L? and

tra frn — traf almost everywhere, tpa f = f a.e.
with f* = igaf € COV(U).

Now suppose that U is bounded with OU € C*,
then we can express ¢y as a composition

Wir(U) —E— whe(Rd)

w | et |

CONU) AL o (R

19

of bounded linear maps. Since Ef = f almost
everywhere for all f € WY?(U), 1y f = f almost
everywhere. O

Theorem 2.17 ([, 5.8.8]). Let U C R? and
f € WHP(U), then f is differentiable a.e. with
derivative equal to its weak derivative a.e.

Proof. By Morrey’s inequality, for any
fewtrncCt,

1f(@) = F@)| < Clz =yl P IDFIl 1o (3o 2fe—yi)

for any z,y such that B(z,2|z —y|) C U. By
identifying any f € WP with its continuous
version on B(zx,2 |z — yl|), the above bound also
holds for every f € WP,

Fix z € R? and apply the bound to f — Df(x),
then

[f(x) = fly) = Df(z)(z —y)|
<Clo—y["" " IDf = DF @) 1o (5o 2l

1/p
Jotsots oy IDF = DF@)P
— Clo—y|- |BE2esD
m(B(x, 2 - y)))

By the Lebesgue Differentiation Theorem, the
above integral term converges to 0 a.e. as
|z —y| — 0. |

2.4 Kondrachov Compactness
Theorem

The embedding W? — LP" from the
Gagliardo-Nirenberg-Sobolev inequality can be
strengthened into a compact map by slightly
sacrificing integrability.

In this section, let d € N, U C R? be a bounded
open set with U € C', 1 < p < d, and

1< qg<p*.

When looking for compactness results in function

spaces, the Arzela-Ascoli theorem comes
especially handy.
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Theorem 2.18 (Arzela-Ascoli [2, 4.43]). Let X
be a compact Hausdorff space and F C C(X,R).
Suppose that:
1. Pointwise Bounded: For each = € X,
supser | f(7)] < oc.
2. Equicontinuous: For each z € X and € > 0,
there exists an open neighbourhood U C X

such that |f(y) — f(z)] < e for all f € F and
yeU.

then F is a totally bounded, pre-compact subset
of C(X,R) with respect to the uniform norm.

There is not a sufficiently nice subspace of W1?
where compactness directly applies. However, it is
possible to ”"approximate” a bounded set using a
series of totally bounded sets. The following
lemma allows concluding compactness from these
approximations:
Lemma 2.19. Let X be a metric space, and
FE C X. Suppose that for every R > 0, there
exists EFr C X such that

1. Eg is totally bounded.

2. For every x € F, there exists y € Er such
that d(z,y) < R/2.

then E is totally bounded.

Proof. Let R > 0, then there exists {z;} C X
such that Er C szl B(zj, R/2).
Let « € F, then there exists y € Er such that
d(z,y) < R/2, and 1 < j < n such that
y € B(zj, R/2). Therefore x € B(z;, R), and

n
EC szl B(z R).
Since we can find such a covering for all R > 0, £
is totally bounded. O

The approximating sets would come from
mollification. Let ¢ € C2°(R?) be a mollifier with

supp (¢) € B(0,1).
Lemma 2.20. Let F C L?(R?) be bounded and
t > 0, then the family

Fe={fx¢:: feTF}

is pointwise bounded and equicontinuous.

20

If there exists K C R? compact such that
supp (f) C K for all f € F, then F; is
precompact.

Proof. Let f € F, then

1f#dl, < sup [ o) f(r )l dy

zeRd
< éellpa - 11 11L

< ”(bt“Lq : Sup”gHLP
geF

and F; is uniformly bounded. On the other hand,
for any z,y € RY,

|f 5 pe(@) = [+ ¢u(y)]

< [ 16 = 2) = duly = 2)1F ()| dz

< ||Tx—y¢t - ¢t||Lq ’ ||f||L7>

< ||f||LP sSup ||[T2: — (/)tHLq
2€B(0,|z—yl)
SSUPHQHLP' sup ||Tz¢t_¢t||Lq
geF z€B(0,|lz—yl)

Since translation is continuous in L%, the above
goes to 0 uniformly as |x — y| — 0. Therefore F;
is uniformly equicontinuous. O

Lemma 2.21 ([1, 5.7.1]). Let f € C*(R?) with
Df € LY(RY), then

F b = fllpr < ol IDF]
Proof. By the mean value theorem,
[ ¢e(x) — f(2)]
< Lo 70 (D] 15 =0 = @) ay
= lpW)I 1 f(z —ty) — f(z)| dy

B(0,1)

1
< J—
< oo 121y | tIDs (@~ tsy)ll dsdy

<t f, o 60 [ 1D5 G~ s dsdy
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After integrating over R?,
Lo 1F % 6n(a) = F(@)] da
1
< —
<t om0 [ [ IDF (e tsy)l| drdsdy

1
- t/B(QU |¢(y)|A ||Df||L1 de’L/

=tIIDfllys ) 16l dy =0l 1Dl

O

Using LP interpolation, we can translate the above
result into the desired intermediate LP spaces.

Theorem 2.22 (Intermediate L? Interpolation
[2,6.10]). Let 0 < p < ¢ <r < 00, then
LPNL" C LY with

A 1-X
AL < 11z 111

where
\ = 1/¢q—1/r 1 A 1—=2X

C1/p-1/r q¢ p T

Lemma 2.23. [1, 5.7.1]
Let f € WP (R9) such that K = supp (f) is
compact, then
15 % 8¢ = Il < Coua |IDAIIZ 11l - 2
< Cpam(E) PV || sy -
where Va—1/p"
_i/q=1/p
)\_ 1_1/p* € (071)
Proof. First suppose that f € C}. Since ¢ < p*,
by the interpolation theorem,
. A . 1=
I[f* e — fllpa <IN @e— Fllze - I1f % bt — fllp”
A Y
< Cpa (DAl ) F i

By the Gagliardo-Nirenberg-Sobolev inequality
and Young’s inequality,

1f * de = fllpor < Cpallf *ée = fllwrw
< Cpa- 18l [[£llwr
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Merging ||¢||,. into the constant yields

A —A
1f % d — fllpa < Cpa -t [IDFI20 1 fllyie

Since C! is dense in W7, the above inequality
also holds for arbitrary functions in WP, O

Theorem 2.24 (Kondrachov[l, 5.7.1]). Let
F c WHP(R?) such that

LM = supscr || fllwr.0gay < 00

2. There exists a compact set K C R such that
supp (f) C K for all f € F.

then F is totally bounded in L(R%).

Proof. 1t’s sufficient to verify the conditions of
Lemma 2.19. Let ¢t > 0, then

Fi=A{f*¢i: feF}

share a common compact set as their support,
and is totally bounded by Lemma 2.20. On the
other hand, for any f € F,

||f — [ ¢t||L1 < Cp,dm(K))\p/(p_l) ||f||W1m -t
< deMm(K))\p/(p—l) S

by Lemma 2.23.

Let R > 0, then for sufficiently small ¢ > 0,
[|f — f* el < R/2forall feF. By
Lemma 2.19, F is totally bounded. O

Theorem 2.25 (Kondrachov [1, 5.7.1]). The
inclusion map

L WHP(U) — LYU)
is compact.

Proof. Let E : WhP(U) — W1P(R?) be an
extension operator, then there exists K O U such
that supp (Ef) C K for all f € Wh?(U).

For any bounded set B ¢ WYP(U), E(B) is

bounded in W1?(R?) with common support in K.
By Theorem 2.24, E(B) is precompact in L4(R?),
so B is precompact in L1(U) as well. |
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2.5 Sobolev Embedding
Theorem

Let d € N, U C R? be a bounded open set with
U eC',1<p<oo,and k € N.

The Gagliardo-Sobolev-Nirenberg inequality says
that we can trade weak differentiability for
integrability. This process can be repeated until
the exponent exceeds the dimension of the space.

Theorem 2.26 (Sobolev Embedding Theorem I
[1, 5.6.6]). Suppose that k/d < 1/p. Let I € N
with I < k and ¢; € R such that

then the inclusion map
L WhP(U) — Whba

is bounded for all 1 < g < ¢;, and compact for all
1<g<aq.

Proof. Let f € W*P(U), then by the
Gagliardo-Nirenberg-Sobolev inequality applied to
D f for all o € N¢ with |a| <k — 1,

L WRP(U) — whLP

is bounded. Since

1

11
P p d

this corresponds to the case of [ = 1. Inductively
applying the above yields that

L WRP(U) — whha

is bounded as

If ¢ < g, then the inclusion is compact by the
Kondrachov Compactness theorem. O

In the same spirit, we can apply Morrey’s
inequality to each weak derivative to obtain

22

differentiability. In the situation of insufficient
integrability, we can use the first Sobolev
Embedding Theorem to increase the integrability,
and then apply Morrey’s inequality.

Theorem 2.27 (Sobolev Embedding Theorem IT
[1, 5.6.6]). Suppose that k/d > 1/p. Let

for+12]-

(0,1)

¢ 7
€z

v

ESEESHSA RSN

then there exists a bounded linear map
L WhP(U) — ok ld/rl=ty ()

such that D(uf) = D f a.e. for all a« € N¢ with
la| <k—|d/p] — 1 and f € WkP(U).

Proof. If d/p < 1, then applying Morrey’s
inequality on D*f for all a € N with |a| <k —1
yields

L WRP(U) = CF b))
satisfying the desired criteria.

Suppose that d/p ¢ Z, then by the Sobolev
Embedding Theorem I with | = [d/p],

L Wk,p(U) N Wk—l,pd/(d—pl)(U)

is bounded. Composing with the previous map
yields

L WRP(U) — oFLd/pl=11=dld=p)/(pd) 77)

where
(_dd=ph) _, dd=pld/p])
pd pd
_p—dtpld/p] 4 _d n FJ
P p Ly

Now suppose that d/p € Z. By the Sobolev
Embedding Theorem I with I = d/p — 1,

L Wk’p(U) N Wk—d/p-,pd/(d—pl)(U)

where
pd pd

d—pl  d—d+p
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Since U has finite measure, this also implies that
L W’”’(U) — Wk—d/ptla

is bounded for all ¢ < d. By the Sobolev
Embedding Theorem I with [ =1 gives

L Wk,p(U) —y Wk—d/p,da/(d—q)

being bounded. By Morrey’s inequality, the
desired map

L Wk’p(U) N Crk—d/p—l,l—d(d—q)/dq(U>
exists for all ¢ < d, where

dd—q) _d—g
dq q

as ¢ — d. Therefore
L WRP(U) — CF /()

exists for all v € (0,1). O
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