Tasks

Bokuan (Jerry) Li

Winter 2025



Contents

1 Plancherel’s Theorem
1.1 Mollification . . . . . . . . . ...
1.2 Limit. . . . o o e e e e e e
1.3 Adjusting the Fourier Transform . . . ... ... ... ... ...

2 Prokhorov’s Theorem
2.1 Vague CONVErgence . . . . . . v v v v v v v v v v i e
2.2 Weak Convergence . . . . .. .. .. ..

3 Kolmogorov’s Continuity Theorem

3.1 Linearisation of Functions . . . . . . . . ... .. ... ......

3.2 Linearisation of Processes . . . . . . . . ... ... ... .....

3.3 Holder Continuity . . . . .. ... .. . o

3.4 Rescaling . . .. ... L
4 Hunt’s Theorem

4.1 Time Transform . . . . . . . .. . . . .. . . e

4.2 Limit Argument . . . . . .. ... ...

4.2.1 Uniform Integrability . . ... ... ... ... ... ...
4.22 Inequality . . . .. .. L

5 Cameron-Martin Theorem
5.1 Absolute Continuity . . . . . . ... ... .. ... ..
5.2 Mutual Singularity . . . . ... ... oo o

A Notations
A1 Citation Legend . . . . . . . ... L o

B Generally Useful Results
B.1 Functions and Functional Analysis . . . . ... ... ... ....
B.2 Fourier Analysis . . . ... ... ...

W N = =

ot U

10
10
13
15
17

19
20
22
22
25

27
27
30

37
39



Chapter 1

Plancherel’s Theorem

The goal of this section is to take the result from Fourier analysis

Theorem 1.0.1 (Plancherel [1, Theorem 8.29]). Let f,g € L*(R?) N L?(RY),

then f,@ € L? and .

Note: this theorem has been adjusted to fit the version of Fourier transform that
does not use a 2w factor. See section 1.3 for the adjustments.

and "replace” one of the functions with a probability measure. If a probability
measure i has density f with respect to the Lebesgue measure on R?, then the
above theorem can be applied directly to the density function as g = f. Thus
the key to extending this result is the density of the continuous distributions in
the set of probability measures with respect to weak convergence.

1.1 Mollification

Theorem 1.1.1 (Radon-Nikodym [I, Theorem 3.8]). Let 1 and v be o-finite
measures with v signed and p positive. Then there exists a decomposition

dv=d\+ fdu XLp

where A and p are mutually singular. If v < p is absolutely continuous with
respect to pi, then X =0 and dv = fdu. In which case, f = 9% is known as the

dp
Radon-Nikodym derivative of v with respect to p.

First note that convolving a continuous distribution with any other distribution
provides a continuous distribution.

Lemma 1.1.2. Let p and v be Borel probability measures on R?. If v has
density with respect to the Lebesgque measure m, then pxv also has density with
respect to the Lebesgue measure.
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Proof. Let E € B(R?), then

(e )(B) = [ (B~ )i

Let f be the denbity of v With respect to the Lebesgue measure. If m(E) = 0,

then v( = [p . fy)dy =0,s0 (uxv)(E) = [v(E - z)du = 0 as well.
Thus (u * I/) << m. By Themem 1.1.1, p* v has a density function with respect
to the Lebesgue measure. O

From here, the strategy is to convolve the given measure with continuous dis-
tributions that eventually shrink into the delta mass at 0. The most readily
available measures that accomplish this are the uniform distributions on unit
balls centred at 0.

Lemma 1.1.3. Define
),
Up(F) = ————— 1g(z)dz
n(E) m(B(0,27m)) B(0,2-7) (=)

then v, = dg.

Proof. Let f € BC(R?) be a bounded and continuous function. Let € > 0, then
there exists N € N such that [f(0) — f(z)| < € whenever |z| < 27V, In which
case, for any n > N,

1
m(B(Mn))/Bmn)|f(a:)—f(0)|dg;

1 e
< (B0, -em(B(0,27")) =¢

Therefore [ fdv, — f(0) as n — oo, and v, = v weakly. O

‘ / Fdvy — / fds,

IN

Lemma 1.1.4. Let pu be a Borel probability measure on R?, then there exists a
sequence {1, }7° of Borel probability measures such that

1. Each py, has density with respect to the Lebesgue measure.
2. Un = W
Proof. Let v, be defined as in Lemma 1.1.3, then by Lemma 1.1.2, each p * v,

has density with respect to the Lebesgue measure. As v, = &g, p*v, = puxdy =
L O

1.2 Limit

Theorem 1.2.1. Let f € Cg°, and p be a probability measure. Suppose that u
has density g with respect to the Lebesgue measure, then

/fu <fu>
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Proof. First note that
56 = [ awye=dn = [ o) Odo = [ o)
= [ 9du(a) = ae)

so § = [i. Since the density function is real-valued, substitution gives

[ ran= [ o= [ 13 =15.9) = G (F.9)

Theorem 1.2.2 (Plancherel). Let f € CS° and p be a Borel probability measure

on R, then
[ rin= s (7.7)

Proof. Let {p,}]" be a sequence such that each p, has density with respect
to the Lebesgue measure, and p, = pu weakly with fi,, — i pointwise. Since
fecCcx, feL!and f € L' (Theorem B.2.1). As the characteristic functions
are uniformly bounded by 1, |, - f| < |f] for all n € N. So by the Dominated
Convergence Theorem,

/fd,u: lim /fd,un
n—oo
. 1 T =
= G / F e fin
1 . T =
- g [ m T

O

1.3 Adjusting the Fourier Transform

Folland uses the Fourier transform with a 27 factor in the definition, so it will
take a bit of work to reduce it down to our definition. To distinguish between

the two,
:/f(ac)e_2”i<5’g”>dx

I will use f to denote this version of the Fourier transform.
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Theorem 1.3.1 (Plancherel [I, Theorem 8.29)). Let f,g € C°(R), then f,§ €
L? and ~
(fr9)=(f9)

Theorem 1.3.2 (Plancherel). Let f,g € L' N L?, then f,ﬁ € L? and

1~
(f,9) = (27T)d<f,9>

Proof. Firstly,
O N / F@)e €0 dr = F(e)

and over a change of variables,

[17©)]as = [ |F-er2m]ds = 2my? [1710¢
[F3- / f¢/2m) - e/

Similarly,




Chapter 2

Prokhorov’s Theorem

When looking for compactness results,

Theorem 2.0.1 (Tychonoff [I, Theorem 4.42]). Let {X;}
compact topological spaces, then X = []..; X; is compact.

ier be a family of
i€l
is very helpful in finding convergent subsequences. In particular, the character-
istic functions of probability measures all take values in B(0,1). By Tychonoff’s
theorem, for any sequence {u,};° of probability measures, there exists a sub-
sequence {ny};° such that {fi,,}° converges pointwise. However, pointwise
convergence by itself does not imply weak convergence, especially when the
limit is not known to be the characteristic function of some probability mea-
sure. Most of the work here is done to "upgrade” the pointwise convergence
into weak convergence under the assumption of tightness.

2.1 Vague Convergence

From Plancherel’s theorem, the characteristic functions directly determine the
behaviour of probability measures on functions in C2°(R?). Since these functions
are dense, we can extend this behaviour to all functions in C.(R¢). From here,

Theorem 2.1.1 (Riesz Representation Theorem [1, Theorem 7.2]). Let ¢ €
L(C.(R%),R) be a positive linear functional. Then there exists a unique Radon
measure 1 on RY such that

o(f) = / fdu Vf € C.(RY

provides the limit measure.

Theorem 2.1.2 (Linear Extension Theorem, [2, Chapter IV, Theorem 3.1]).
Let X and Y be Banach spaces. Let M C X be a dense subspace, and T €
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L(M,Y). Then there exists a unique extension T € L(X,Y) such that T|yp =T
and ||T|| = ||T]|.

Theorem 2.1.3 (][I, Theorem 5.17]). Let X and ) be Banach spaces, and
M C X be a dense subspace. Let {T,,}7° C L(X,Y) such that

1. M = sup, ey ||Tn|] < oc.

2. There exists T € L(X,Y) such that ||Th,x — Tx|| — 0 as n — oo for each
e M.

Then ||Tnx — Tz|| = 0 as n — oo for all z € X.

Lemma 2.1.4. Let u be a Borel probability measure on R%. Define
b Co®) SR 1o [ s

Then ¢, € L(Co,R), ||¢ul| <1, and ¢, is positive.

Proof. Let f € Cy(R%), then

|¢uf%=k/fdu‘SL/IﬂduS{/IU|uW¢=IVIu

If f >0, then ¢, f = [ fdu > [0du = 0. Hence ¢, is positive. O

Lemma 2.1.5. Let {1,};° be a family of Borel probability measures on R%.
Suppose that there exists f : R? — C such that [i,, — f pointwise. Define

1
¢r: CX(RY) - R gHw@vﬂ

Let ¢, be the same as in Lemma 2.1.4, then ¢, (g9) = ¢¢(g) as n — oo for all
g € CE(RY).

Proof. Let g € C2°(R?), then by Plancherel’s Theorem,
1 oy N F
ouale) = [ g = g [HE e

Since fi,, takes values in B(0,1) and g € L' (by Theorem B.2.1), |§-fin| < |7| €
L'. By the Dominated Convergence Theorem,

i 6, (0) = lim oy [ GO (€ = s [T

n— oo

O

Lemma 2.1.6. Let {u,};" be a family of Borel probability measures on R?,
Suppose that there exists f : R — C such that [i, — f pointwise. Then
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1. ¢p € C2(RY)* is a positive linear functional on C°(RY)* with ||¢s|| < 1.
2. There is a unique extension ¢y € Co(RY)* such that ¢flcemay = ¢y,
1651 = llesll-

3. Let ¢, be the same as in Lemma 2.1.J, then ¢, (q9) — &¢(g) for all
g € Co(R™).

4. qbif 18 positive.
Proof. Firstly, by Lemma 2.1.4

67(9)| = lim [¢,,,(9)] < llgll, - lim_[[g, | = Ilgll,

Secondly, by the Linear Extension Theorem (Theorem 2.1.2), ¢y admits a unique
extension ¢ to C, with HqﬁfH = ||o¢]l.

Since C2°(R?) is dense in Co(R?) (Proposition B.1.7), ¢, — ¢; on a dense
subspace. As each u, is a probability measure, sup,,cy [|#,, || < 1. By Theo-
rem 2.1.3, ¢, (9) — ¢ (g) for all g € C.(R?).

Lastly, if g > 0, then since each ¢,,, is positive (Lemma 2.1.4),
¢5(9) = lim ¢,,(9) > lim 0=0 Vg e Co(R)
so ¢y is positive as well. O

Theorem 2.1.7. Let {11, }]° be a family of Borel probability measures on R,
Suppose that there exists f : R® — C such that [i, — f pointwise, then there
exists a Borel measure pn on R? such that pu, — p vaguely.

Proof. Let ¢ be the same as in Lemma 2.1.5 and ¢,, be the same as in
Lemma 2.1.4. By Lemma 2.1.6, ¢y admits an extension to a positive linear
functional ¢ on C.(R?) such that ¢, (9) — & (g) for all g € C.(R?). Let u be
a Borel measure on R such that [ gdu = ¢¢(g) for all g € C.(R?), then

ti [ gd = lim_0,,(6) = 5() = [ gdn Vg€ CL(®?

n—oo

2.2 Weak Convergence

Up until this point, even though there is a limiting measure, the convergence
still falls short of weak convergence, and the limiting measure is not necessar-
ily a probability measure. However, using tightness now provides the desired
convergence.
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Theorem 2.2.1. Let {11, }7° be a tight family of Borel probability measures on
R?. If there exists a Borel measure p such that pi, — p vaguely, then
1. pn = p.

2. w is a probability measure.

Proof. Let f € BCO(R? R) be a bounded non-negative continuous function.
Let ¢ > 07C then since the measures are tight, there exists R > 0 such that
pn(B(0,R) ) < € for all n € N. By Urysohn’s lemma, there exists a continuous
function ¢ : R? — [0, 1] such that (b;ﬂm = 1 and ér|p(0,r+1)c = 0. Then
f-¢r € C. and the integral can be split into two

liminf/fdun > liminf/f - ORrdpy + liminf/f (1= or)dun
n—oo n—oo

— [ £+ éndu+ timint [ 71~ or)in,

From here we get that liminf, o [ fdu, > [ f-¢rdu. Since f-¢r 7 f point-
wise as R — oo, liminf,, o [ fdu, > [ fdu by the Monotone Convergence
Theorem. On the other hand, by tightness,

limsup/fdun <limsup [ f-¢rdi, + limsup/f (1= ¢Rr)dun

n—oo n—oo n—oo
< /fdu+€~ 1711,

as ¢ is arbitrary, limsup,,_, ., [ fdu, < [ fdu. Therefore lim, o [ fdu, =
J fdp.
If we take the constant function f =1 € BC(R% R), then
w(RY) = /ldu = lim [ ldu, =1
n—oo
and p is a probability measure.

Now suppose that f € BC(RY) is arbitrary, then f + ||f||, is non-negative, and
since f € L'(uy,) for all n € N and f € L(p),

T [ 7l don = [ 41161 d
tim [ fdn + 171, = [ Fdn s 151,
n—oo
i [ g, = [ s
n—oo
O
Theorem 2.2.2 (Prokhorov). Let {u,};° be a tight family of Borel probability

measures on R™, then there exists a Borel probability measure p and a subse-
quence {fin, }1 such that py, — p weakly as k — oo.
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Proof. Let [, be the characteristic function of p,, then

</

they are uniformly bounded by 1. Let B(0,1) C C be the closed ball of radius
1, then

[ (€)] = ] / 8 dp() e“””’@‘dﬂ(x) <1

R4
i, € B(0,1) Vn €N
As pointwise convergence is equivalent to convergence in the above product
topological space, by Tychonoff’s theorem, there exists a subsequence {ny};°
such that {fi,, }}° converges pointwise. By Theorem 2.1.7, there exists a Borel
measure 4 such that u,, — p vaguely as k — oco. As the family is tight, by
Theorem 2.2.1, p is a probability measure and pu,, — p weakly. O



Chapter 3

Kolmogorov’s Continuity
Theorem

The following line of argument is taken from [4, Section 4.3.3] with some adap-
tations.

Let X be an R%valued stochastic process and 7' > 0. X satisfies Kolmogorov’s
Continuity Criterion on [0, 7] if there exists p > 1, C > 0, r > 0 such that
1X: — X, < Clt—s|"P*" st e0,T]

Even though the above restriction forces X to have some form of continuity
when taking sequence limits, over uncountably many points, the ”bad sets” can
accumulate and have non-zero probability, so X itself may not have continuous
sample paths a.e.

However, continuous functions can be determined by their values on a dense
subset. This means that we can sample the values of X on a countable dense
subset of [0,7], and extend it from here to build a modification of X with
continuous sample paths. This process is accomplished through linearising the
sample paths and taking a limit. To make the the proof easier, we will start
with assuming that T' = 1, and rescale the result later.
3.1 Linearisation of Functions
Definition 3.1.1. Let n > 0 and define

D, = {m27" 1<m< 2"}

as the dyadic rational numbers in (0,1] with 2" as their denominators.

10
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Definition 3.1.2. Let f :[0,1] — R? be any mapping. Define

My, = My(f) = max |fa) — flg—27™)]

as the mazimum "variation” of f between two neighbouring rational numbers in
D,.

Definition 3.1.3 (Linearisation). Let f : [0,1] — R? be any mapping and

Letn >0 and t € (0,1]. Denote q; = |t], as its n-th dyadic floor, and
sp=2"-[t— (@ —2"")] €[0,1]

such that t = (¢ —2™™) 4+ 27 ™s;. Now define

flar) t=q
FOE) = sef(a) + (1 —s0)f(g —27") L€ (q,q—27")
f(0) t=0

as the linearisation of f from D,,. f™ is uniquely defined on each t € [0, 1],
piecewise linear, and continuous.

Proposition 3.1.1 ([4, Theorem 4.32]). Let f : [0,1] — R? be a mapping, then

Hf(n-i—l) _ f(n)

u S Mn+1(f)

Proof. Fix t € [0,1]. If t € D,,, then f*+tD(t) = f(")(t). If t = ¢ € Dyy1 \ Dy,
then

—(n+1) —9—(n+1)
f(n-‘rl)(t)_f(n)(t)‘:'f(q)_f(Q+2 );’f(q 2 )‘

< % [|7(@ = fla+270 )|+ | () = fla =27 +0)]]
< MnJrl(f)

Now suppose that t ¢ D, ;1. Let ¢, € D, 41 such that t € (g, q — 2~ 1)),
and s; be as in before. If ¢4 € Dy 41 \ Dy, then ¢ + 2-(n+1) ¢ D,. Denote
thr =q + 2=(n+1) and a4 = q — 9—(n+1)

Ift € (q; ,q:) then
SO = s f(qe) + (1= s0) f(q;)
5O = 5@ + (1= 5) far)

where the coefficients on f(™ are halved when transitioning from Dy 41 to Dy,
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Here, by splitting off the s; f(g:) term into two parts,

7@ = 1] < 5 @) - 6] + 5

2
= StMn+1 < My

|f<Qt) - f(q;)’

Similarly, if ¢ € (q;7, ¢¢), then
FOD@) = sof () + (1= s0) f(ar)

£ =25 )+ (F57) sla)

Splitting the terms again yields

1@ - £ 0| < 2 - far)

+ 15 A ) ~ @)] < Mo

(q:)]

O

Lemma 3.1.2. Let f : [0,1] — R? such that > ., M, (f) < oo, then there

exists a continuous function f : [0,1] — R% such that f(q) = f(q) for any
dyadic rational number q.

Proof. Define

n—oo

oo
f= lim f™ =04 Z fFUFD )
j=1

then

o0 oo o0

ZHf(Hl)_f(J) ‘ SZMjJrl Z i (f

=1 o= =1

SO Z;‘;l( fUTD — £(")) is the limit of an absolutely convergent series of contin-
uous functions, and is continuous as well. So f is the sum of two continuous

functions, and continuous as well.

Let ¢ € [0,1] be a dyadic rational number, then there exists n € N such that
q € D,,. In which case, f¥)(q) = f(q) for all k > n, so f(q) = limy_ f*)(q) =
f(q) as well. O

Lemma 3.1.3 ([/, Theorem 4.32]). Let f : [0,1] — R? be a mapping and
M, = M,(f). Let 0 < s <t <1 such that t — s < 27", then

f(n)(t) - f(n)(s) <2"|t—s| M, < M,
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Proof. First suppose that there exists ¢ € D,, such that s,t € [¢,q —27"]. In
this case, there exists «,8 € [0,1] such that s = ¢ — 27" 4+ 27" and ¢t =
q— 27"+ 27"5. From here,

F™M(s)=af(q)+ (1 —a)flqg—2
F™M@) =Bfl@)+1-B)flg—27")
F@) — f™(s)| = (B—a)|fla) — flg—2

If there exists no ¢ € D,, such that s,t € [¢,¢ — 27"], then there exists ¢ € D,
such that ¢ € (s,t). Let ¢" = ¢+2"" and ¢ = ¢ — 27", then s € [¢7,q] and
t € [q,q"]. Since s,q € [¢7,q] and t,q € [q,q"], applying the previous result
yields that

70 = 1) < |10 = 1 )| + [ (9) = 1)
< 2" (jt = gl + s — ql) Mo = 2" |t = 5| M,

3.2 Linearisation of Processes
Let {X; :t >0} be a R-valued stochastic process on (€2, F, P), satisfying Kol-
mogorov’s Continuity Criterion on [0, 1].

Definition 3.2.1 (Linearisation of Process). Let n > 0, and {Xt(n) 1t €0,1]}
be the process defined by X ™ (w) = [X (w)]™, where [X (w)]™) is the linearisa-
tion defined in Definition 3.1.3. Then X™ is the linearisation of X from
D,.

Lemma 3.2.1. Each X is measurable.
Proof. Let t € [0,1] and 7y be the projection map to the time ¢. It’s sufficient
to show that 7, 0 X (") = Xt(n) is measurable for each t.

To this end, if t € D,,, then Xt(n) = X, is measurable.

Now suppose that t &€ D,,. Let ¢; € D,, and s; be the same as in Definition 3.1.3,
then
X = 5, Xy, 4+ (1= 5)Xgy_0-n

is a linear combination of two random variables. Thus it is also measurable. [
Lemma 3.2.2. [/, Theorem 4.32, Proof]
Let n > 0 and D,, as in the previous section. Define

Mp(w) = Mp(X(w)) = gg%ii }Xq(w) — Xq2-n (W)|



CHAPTER 3. KOLMOGOROV’S CONTINUITY THEOREM 14

where the sample path X (w) is viewed as a mapping from [0,1] to R?, then
||Mn||p <Cc27m™,

Proof.

HMnHi < Z HXq - Xq—Q*"
q€Dy

|M,]|, < C-2n/P.27n/P g7 = ¢

P<on . gp(gmyp/pn)
p S

Proposition 3.2.3 ([1, Theorem 4.32]). Let n > 0, then

pyl/p
} S co-rn

E [HX(W-H) —xm

u

where for each w, the uniform norm is taken on the sample path X"+ (w) —
X™)(w) on [0,1], and the expectation is taken over all Q.

Proof. Let w € Q and M, : Q — [0,00) as in Lemma 3.2.2. By Proposition 3.1.1,

HX("+1)(w) — X (w)

< Mn(w)

u

Taking the p-norm on both sides gives

1/p

O
Proposition 3.2.4 ([, Theorem 4.32]). Let n > 0, then there exists an event
L C Q such that
1. P{L°} =0.
2. X(w) = limy 00 X (w) exists and is continuous for all w € L.
8. By filling in the zero function O for all w & L, X is a stochastic process

with continuous sample paths.

Proof. By the previous proposition,
o0

> M

n=1

S0 Y% My (w) < oo for almost every w € Q. Let L = {>° 7 M, < oo},
then for every w € L, X(w) = lim,_,00 Xp(w) exists and is continuous by
Lemma 3.1.2.

0o 00
=D DUTAREYE) SESCRES
n=1 n=1

p =
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Lastly, the Borel o-algebra on RI%! is generated by the topology of pointwise
on R Since uniform convergence implies pointwise convergence, X is a.s.
a limit of measurable functions (Lemma 3.2.1). Thus filling in 0 outside of L
makes it measurable as well (4). O

Lemma 3.2.5 ([4, Theorem 4.32]). Letn > 0 and X as above, then there exists
Cy > 0 such that
~||p11/p
B[] - %[

S CUQ—TTL

u

where for each w, the uniform norm is taken on the sample path over [0,1], and
the expectation is taken over w € €.

Proof.
B [HX(H) _ % p]l/p p}l/p

u u

< Z E |:HX(n+1) _xm
k>n

| C
<C Z 2= < e 9N
k>n ;/—/
Cu

O
Proposition 3.2.6 ([, Theorem 4.32]). Let X be as in Proposition 3.2.4. Then

for each t € [0,1], X = X almost surely. In other words, X is a modification of
X.

Proof. Let t € [0,1]. If ¢ is a dyadic rational number, then there exists N € N
such that Xt(n) = X for all n > N. Thus X; = X;.

Now suppose that ¢ € [0,1] is arbitrary. Let {gx};" C [0,1] be a sequence
of dyadic rational numbers such that g — ¢ as k — oo. From here, by the
continuity of X; and the fact that || X — X, |[, < C|t — al""T =0,

bl a.s. > L?
Xy ——— X, =Xy, — Xy

As a.s. limits and LP limits coincide if they both exist, X, = X, as. O

3.3 Holder Continuity

Definition 3.3.1. Let T > 0, f : [0,T] — R? be a continuous function, and
a € (0,1). Denote

foom= sp HOZIOI_ 0= S6)
Y o<s<t<T |t — 3] 5,t€QN(0,T |t — s
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as the a-th Hélder seminorm. For the stochastic process X, denote
[(X]a,j0,7) : = [0,00] w i [X(w)]a
such that [X], is a random variable.

For the rest of the section, all of the Holder seminorms are taken in [0, 1], and
we denote [fla = [fla,0,1-

Lemma 3.3.1 ([4, Theorem 4.32]). Let f : [0,1] — R? be any mapping and
a € (0,1). Define
t) —
Fla = sup { LU=y g poten 9o
’ |t — s
then [f]a < ZnEN[f](Xﬂl'
Proof. Let s,t € [0,1], then there exists n > 0 such that |s — t| € [27("+1) 277],

Ths £(t) — £(3)]
T W) s

O

Proposition 3.3.2 ([4, Theorem 4.32, Proof]). Let X be as in Proposition 3.2.,
a € (0,r), and n > 0. Then there exists a constant Cy, independent of n, such
that

I[X]anll, < Cr -20277"

Proof. Let n >0,and 0 < s <t <1. Let {X(") :n > 0} as in Proposition 3.2.4
and M,, as in Lemma 3.2.2.

If t — s € [2=(»+1) 277 then by Lemma 3.1.3,

’Xt - X, < ’Xt - Xt(n) + ‘Xt(n) - XM+ ‘X‘g") — X(s)
<[[x=xe[, 2rlt=siMa <[[x=x]],
gQHXfX(") + 2|t 5| M,
-
TR <240t —s 71X - x™ u—|—|t—s|_O‘Mn

+ 2oc(n+1)Mn

u

[X}oz,n < 9. 2a(n+1) HX . X(n)

By Lemma 3.2.5,

p

E WX —x™ }W < Cy2

u
p

9. 2a(n+1) .E H ‘X _ X(n) :|1/p < 204+1OU .27(0477“)71
T N——

Cu

u
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and by Lemma 3.2.2,
1Myl < €27 270D - |IAL, ||, < 0 2% 20n
P L
Cnm

Let Cg = C,, + Cy, then we have the desired constant. O

Proposition 3.3.3 ([!, Theorem 4.32]). Let X be as in Proposition 3.2.4,
a€ (0,r), and n > 0. Then
[Xall, < oo

Proof. Let Cy be as in the previous proposition, then by Lemma 3.3.1,
11XTall, < ST XJanll, < Cn Y 27" <
n=0

n=0

because o < 7. O

3.4 Rescaling

Lemma 3.4.1. Let T > 0, f : [0,T] — R? be a continuous function, and
a€(0,1). Let
0,1 =Rz f(Tx)

then [fla,jo,r) = T~ ]aj0,1)-
Proof. Let s,t € [0,T], then

[f@) = f) _ 1F7@/T) = f(s/T)| _ e |F7Q/T) = F1(5/T))
|t —s|® t/T —s/T|" |t —s|®

Since the above holds for every pair s,t € [0,7], [f]a, 0.1y = T~ “[f'la,01- O

Lemma 3.4.2. Let T > 0 and X be an R%-valued stochastic process satisfy-
ing Kolmogorov’s Continuity Criterion on [0,T]. Define a transformed process
{X] :t >0} where X, = Xr¢, then X' satisfies Kolmogorov’s Continuity Crite-
rion on [0, 1] with the same p and r.

Proof. Let p>1, C' > 0, r > 0 such that
1X: = X,ll, < Clt— |77 Vs, € [0,7]
then for any s,¢ € [0, 1]
IX, = X1, = | Xz — Xrull,

< C|Tt—Ts|P" = cTV/P47 |t — 5|
Cl
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Lemma 3.4.3. Let T > 0, a > 0, and X be an R%-valued stochastic process
such that |HX]O¢7[071]HP < 00. Define a transformed process {X; :t > 0} where

X! = X7, then H[X’]Q,[O,T]Hp < 00 as well.
Proof. By Lemma 3.4.1,
X a0, = T~ |[[X]ao]], < o0
O

Theorem 3.4.4 (Kolmogorov’s Continuity Theorem ([4, Theorem 4.32])). Let
T > 0 and X; be a stochastic process. If there exists p > 1, C' >0, andr > 0
such that

1Xe — X,ll, < Clt—s|"/P*" Vs t € [0,T]

then there exists a modification X of X such that H[X}QV[O,T]’

< oo for all
P

a € (0,r), so X has a.s. Holder-a-continuous sample paths for all a € (0,7).

Proof. Let {X] : t > 0} be such that X; = Xp,, then X’ satisfies Kolmogorov’s
Continuity Criterion on [0,1] with the same p and r by Lemma 3.4.2. By
Proposition 3.2.6 and Proposition 3.3.3, there exists a modification of X', X’
such that R

H[X/]a,[o,qu < 00

Let {Xt it > 0} be defined by X; = )N(t’/T, then X is a modification of X. By
Lemma 3.4.3,




Chapter 4

Hunt’s Theorem

In this chapter, let (Q, F,{F;:t>0},P) be a filtered probability space, and
{X: : t > 0} be a martingale/non-negative submartingale with respect to {F;},
with RCLL sample paths. By the Martingale Convergence Theorem (II), there
exists Xoo € L' such that X; — X, almost surely and in L!. The goal is to
start with Hunt’s theorem for bounded stopping times:

Theorem 4.0.1 (Hunt). If T > 0, then the family
{X, : 7 stopping time,0 <1 < T}

s uniformly integrable. Moreover, if 0 < 7 < w < T are stopping times with
respect to {F }, then E [ X |F:]| = X, a.s. if X is a martingale, and E [ X |F,] >
X, a.s. if X is a non-negative submartingale.

and try to extend it to unbounded stopping times. The L' convergence of
X — X allows transporting results such as Doob’s Maximal Inequality and
the uniform integrability of the processes layer by layer, reaching Hunt’s theorem
as the final step. This line of argument is presented in section 4.2.

However, given that X; — X in L', the conditional expectation of X, behaves
nicely:

Lemma 4.0.2. Let 0 < s < 00, then E [X|Fs] = X5 a.s. if X is a martingale,
and E [Xoo|Fs] > X a.s. if X is a non-negative submartingale.

Therefore, for any 0 < s < t<oco, E [X;|F,] = X; a.s. if X is a martingale, and
E [ X;|Fs] > X5 a.s. if X is a non-negative submartingale.

Proof. Suppose that X is a martingale. Let 0 < s <t < co and F € F, then

E[X,; E] = E[X,; ] = lim B[X; ] = B [Xo0; ]
—00
by L' convergence, so E [X|Fs] = X, almost surely. If X is a non-negative

19
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submartingale, then

E[X E] <E[Xy; E] = lim E[X; B] = E [Xoo; B
—00
50 E [X | Fs] > X almost surely. O

The above fact allows treating { X; : t € [0, 00|} with oo included as a martingale /non-
negative submartingale. With a transform on the time of the process, Hunt’s
theorem for bounded stopping times can be applied directly. This line of argu-
ment is presented in section 4.1.

4.1 Time Transform

Proposition 4.1.1. Let @ : [0,1] — [0, 00] be an increasing bijection. Define

X@(t) t e [0, 1] F@(t) le [07 ]-]
Y= ¢ =
X t>1 }'oo:a(Uszo}'S) t>1

then

1. {G:} is a filtration.

2. If X is a martingale, then Y is a martingale with respect to {Gi}. If X is
a submartingale, then Y is a submartingale with respect to {G:}.

3. {Y; : t > 0} is uniformly integrable.

4. If T is a stopping time with respect to {F;}, then ® =1 o1 is a stopping
time with respect to {G:}.

5. If T is a stopping time with respect to {F;}, then Fr = Gp-10r.

Proof. Let 0 < s <t < oo. Since Y, =Y; and G, = G; for any r > 1, assume
without loss of generality that ¢t < 1. As ® is increasing, ®(s) < ®(¢), so

Gs = Fa(s) C Faw) = Gt

and {G;} is a filtration (1). Since each X; is Fi-measurable, each Y; = Xg ()
is Fp(1) = Gi-measurable. Similarly, V; = Xg) € L' forallt > 0. If X is a
martingale, then by Lemma 4.0.2,

E[Y;|Gs] = E [Yo)|Ga(s)] = Yo =Ys  (a.s.)
Similarly, if X is a non-negative submartingale, then

E[Yi|Gs] = E [Yo)|Ga(s)] = Yo =Ys (a.s.)



CHAPTER 4. HUNT’S THEOREM 21

and (2) holds. Let € > 0, then there exists My > 0 such that

b

sup E[|Yy];|Y:| > Mo] = sup E [|Xa
tef0,1) te[0,1)

=sup E [[X;]; [ X;| > Mo] < e
>0

Xay| > Mo]

because ® is a bijection and ®([0,1)) = [0,00). On the other hand, since
Y, =Y, =X forall r > 1 and X, € L', there existst M., > 0 such that

sngE[lYt\ Vi > Moo] = E[|Xoo| ;[ Xoo| > Moo] <€
t>
Let M = max(My, M), then

sup B [|Y];|Vi| > M] = max | sup E[|Yi|;[Yi| > M],supE[[Y;]:|Yi| > M]
t>0 te[0,1) t>1

<e

Since such an M can be found for any € > 0, {Y; : t > 0} is uniformly integrable
(3).

Let 7 be a stopping time with respect to {F;}, then ®~! o 7 takes values in
[0,1]. Let t >0, then {®~to7 <t} ={®'or <tA1l}. As®:[0,1] — [0,00]
is a bijection,

{@or <tAl}={r <@tAL)}E Foun) = Gin1 =G

so @71 o7 is a stopping time with respect to {G;} (4).
Let E € F,, then

En{®lor<t}=En{® 'or<tAl}=En{r <®(tA1)}
€ Fan) = Gin1 = Gy

and F, C Gg-10,. On the other hand, if £ € Fg-1,,, then
En{r<t}=En{® tor < (1)} € Gp-1() = F
80 Gg-10r C Fr. Therefore F, = Gg-10, (5). O
Theorem 4.1.2 (Hunt). The family
{X, : 7 stopping time,0 < T < 00 a.s.}
is uniformly integrable. Moreover, if 0 < 7 < 7 < 00 are stopping times with

respect to {F;}, then E [ X |F;] = X; a.s. if X is a martingale, and E [ X |F,] >
X a.s. if X is a non-negative submartingale.
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Proof. If 7 is a stopping time with respect to {F;}, then ®~! o 7 is a stopping
time with respect to {G;} and takes values in [0, 1]. Therefore

{X; : 7 stopping time,0 < 7 < oo a.s.}

= {Ys-1,, : T stopping time,0 < 7 < oo a.s.}

C {Y; : 7 stopping time,0 <7 <1 a.s.}
Since {Y; : t > 0} is a martingale, the

{Y, : 7 stopping time,0 < 7 < 1 a.s.}

is uniformly integrable by Hunt’s theorem for bounded stopping times. Since
{X; : 7 stopping time, 0 < 7 < 0o a.s.} is contained in the above family, it is
uniformly integrable too.

Now let 0 < 7 < 7 < oo, then ® ! o7 and &~ ! o 7w are both stopping times
with respect to {G;}. Since ® is an increasing bijection, so is @71, therefore
0<® lor <d 'lowm <1 If X isa martingale, then by Hunt’s theorem for
bounded stopping times and (5) from the previous lemma,

E [XW|]:T] =E [Y@—lofr|g¢>—10'r] =Yp-10r = X7 (as)
Similarly, if X is a non-negative submartingale, then

E [X‘IT|‘F7'] =E [Y<I>*107r|g<l>*107-] > Yéfloq— = XT (as)

4.2 Limit Argument

4.2.1 Uniform Integrability
Theorem 4.2.1 (Doob’s Maximal Inequality). Let € > 0, then

1
P {sup | X | > 8} <-E [|XOO| s sup | Xy| > E:|
t>0 € t>0

Proof. Using continuity from below, and Doob’s Maximal Inequality for bounded
times,

t>0 T—o0 t€[0,T)

P{supXt| >5} = lim P{ sup | X >€}

1

< - lim E || X7|; sup |X¢| >¢
€ T—oo te[0,T]
1

<- lim E [|XT| ;sup | X¢| > 6]
g T—oo t>0
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Since X7 — Xoo in L' as T — oo,

lim E || Xr|;sup|X:| > E:| =E {|XOO| ;sup [ Xy > e

T—o0 t>0 t>0
which gives the desired result. O

Lemma 4.2.2. If X is a martingale, then E[X|F] = X; as. If X is a
non-negative submartingale, then E [Xo|Ft] > Xy a.s.

Proof. Since X, — X, in L', for any F € F;,
B [Xoo; E] = E[X; E]| < E[|Xoo = Xs|; B] < || Xoo — Xsl[; =0
as s — oo. If X is a martingale,

E[X.;E] = lim E[X,; E] = lim E[E[X,|F];E]

§—00 §—00

= lim E[X; E] = E[Xy; E]

S$—00
If X is a submartingale, then
E[X.;E] = lim E[E[X(|F];E] > lim E[X;; E] = E[X; E]
S§—00 S§—00

O

Proposition 4.2.3. Let 7 be a stopping time such that T < oo almost surely,
then for any 0 <T < oo, and € > 0,

E[| X ar|; [Xonr| > €] < B |[Xoo] ;sglngtI >e
t>

1
<E[|Xo|: | X > —_E[| Xy
< B [[Xecfi | Xocl > V] + 2B [ X

Since Xoo € L', the above terms go to 0 as € — oo. Therefore the family
{ X nT : T finite stopping time,0 < T < oo}
18 uniformly integrable.

Proof. Since 7 AT is a bounded stopping time, and {|X;| : t > 0} is a submartin-
gale, it is known that

E[|Xoar|; [Xonr| > ] <E || Xria]; sup | Xy > e
tel0,T+1]

Given that X; has RCLL sample paths, for each w € §,

sup | Xy(w)[ = sup [Xy(w)]
te[0,T+1] teQN[0,T+1]
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so the event {SUPte[o,T+1] |X¢| > e} is measurable with respect to Fri1. By
Lemma 4.2.2, E[| X! | Fr+1] > | X1r41] a.s., so

E || X7r41]; sup |X¢ >e| <E

te[0,T+1]

| Xol; sup |Xt>5]
te[0,T+1]

<E [Xoo| sup | X > 6]
>0
by monotonicity. From here, by Theorem 4.2.1,
B[ Xl ssup X4 > ] < B [[Xcls [Xec > V]
>0
+B [l Xl < VR X5 > <]
t>0

< B [[Xacli Yol > vE] + V2P fsp 0] >
>0

~ B (Xl Xl > VE] LB e s 4 <
>0

=E [|XOO| | Xoo| > \/g] + %EHXOOH

O

Theorem 4.2.4 (Hunt). Let 7 be a stopping time such that T < oo almost
surely, then

|3 157] > &) < B [[Xool s Xl > VE] + —ZE [ Xoc]

Since Xo € L', the above terms go to 0 as € — co. Therefore the family
{X; : 7 finite stopping time}
1s uniformly integrable.

Proof. Fix w € Q, then since 7(w) AT 7 7(w) as T 7 00, X yar(w) —
Xrwy(w) as T 7 oo If |X7(w)(w)| > ¢, then there exists T, > 0 such that
| X @yar(w)| > e for all T > T, so

lim [ Xo@nr @] Lpx o fser = K@@ L wlsa)

T—o0

If | X, ()(w)| < e, then

lim inf | X, (a7 (W) - L, oy @nt|>e} 20

T— o0
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In any case,
lim inf [ Xonr] - 1 rp>e) 2 [ Xr] - Lx e

By Fatou’s lemma,

E[|1X,; X, > & < B [lminf |Xoar]51(x, 00052

< liminf E[| X a7|; [ Xoar] > €]
T—o0

< B[ Xnol [ Xoo| > vE] + %Enxwu

4.2.2 Inequality
Theorem 4.2.5. Let {Y; : t > 0} be an uniformly integrable process and Yoo €
L' such that Y; — Yo a.s., then Yy — Yoo in L'.
Proof. Let M > 0, then
E[|Y; — Yel] < B[|Y; — Yool [¥il < M)+ E[|Y; — Yac5|Y| > M]
<E[Y; - Yool 5 |Vi] < M]+E[[Y:l: ¥ > M]
+E[[Y|; V2] > M]

Since the family is uniformly integrable, sup,~, E[|Y:|] < oo. Using Markov’s
inequality,

E[[Vacl Vil > M] < B[V |5[Yi] > M, [Va| < VM| + B [[Vc] [Voc| = VM|
< VMP {[Yi| > M} + B |[Vao|; [Vec| 2 VI |
< SuPszoEHYsH
- v M

If |Y;| < M, then |Y; — Yo | < M + |Yy| € LY. Since Y; — Y, as., by the
Dominated Convergence Theorem, E[|Y; — Y, |;|Y:| < M] — 0. Let ¢ > 0,
then as {Y;} is uniformly integrable and X, € L', there exists M > 0 such
that

+ B Yool Yoo > VM|

supy>o E [[Ys]]
E[|Y):|Vi| > M +*—+E[YOO Yo zx/M} <e
[vl31¥il > b+ P20 Yocl ¥
for all t > 0. Therefore lim;_, o E[|Y; — Yoo|] < &. As this holds for any € > 0,
Y, = Yo, in L. O

Lemma 4.2.6. Let 7 be an a.s. finite stopping time with respect to {F;}, then
Xonr = X, a.s. and in L.
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Proof. Firstly, for almost every w € Q, (1 AT)(w) = 7(w) for sufficiently large
T. Therefore X, o7 — X, a.s. as T — oco. By Theorem 4.2.4, {X r¢: ¢t > 0}
is uniformly integrable. Since Xt — X, a.s., X;ar — X, in L' by Theo-
rem 4.2.5. U

Lemma 4.2.7. Let T be a stopping time with respect to {F;}. If E € F,, then
forany s >0, EN{7 < s} € Fr<s.

Proof. Let 0 < s,t < o0. If s <t then
En{r<sin{rans<t}=En{r<s}eFsCF
—_———

Q
If s > ¢, then
En{r<sin{rns<t}=En{r<t}erF
—_———
{r<t}
so EN{r <s} e Fr<s. O

Theorem 4.2.8 (Hunt [, Theorem 7.1.11]). Let 0 < 7 < 7 < 0o be stopping
times with respect to {F:}, then E[ X, |F;] = X; a.s. if X is a martingale, and
E[X:|F;] > X, a.s. if X is a submartingale.

Proof. Let E € F,. If X is a martingale, then by Hunt’s theorem for bounded
stopping times, E [X nt|Frat] = Xoae. Forany 0 < s <t < oo, EN{r <s} €
Frns C Frae by Lemma 4.2.7. So by L' convergence from Lemma 4.2.6,
EX g EN{r <s}|=E[X;n; EN{r < s}
tli)m E[Xin; EN{r <s}] = hm E[X as EN{r < s}
E X En{r<s}|=E[X;En{r <s}

Since X, X, € L', by the Dominated Convergence Theorem,

lim E[X; EN{r <s}]= lim E[X;EN{r < s}

S—r 00 S— 00

E[X,; E] =E[X,; E|

As the above holds for all E € F,, E[X,|F;] = X, almost surely. Similarly, if
X is a non-negative submartingale, then

E[Xan EN{T < s} > E[X p EN {7 < s}
tli)rgoE [Xrat; ENA{T < s} 2 1m E[X as EN{r < s}
E[X.; En{r <s}]
]
] >

>E [XT,Eﬂ {r <s}]
lim E[X EN{r <s}] > lim E[X; En{r <s}]
S5— 00
[Xﬂ"7E [XT?E]

Since the above holds for all E € F,, E[X,|F;] > X, almost surely. O



Chapter 5

Cameron-Martin Theorem

In this chapter, let (2, 7, P) be a probability space, { By : t > 0} be the standard
Brownian motion. Let Cy([0,00)) be the space of continuous real-valued func-
tions on [0, 00) that vanish at 0, and ¢ € C([0, 00)). In addition, ¢ € HE([0, ))
if there exists Dy € L?([0,00)) such that

Dy(s)ds = ¢(t) Vt>0
[0,¢]

If o € Cy, define
Sp : Co([0,00)) = Co([0,00)) OO0+ ¢

Let X be the o-algebra on Cy([0, 00)) generated by the projection maps {7 : t > 0},
W : 3 — [0,1] be the classical Wiener measure on Cy([0, 00)) corresponding to
the distribution of B, and W, be the distribution of S, B. If X : Cy([0,00) — R

is a random variable, then

EV(X) = / Xdw EY¢(X) = / Xdw,
If v € L*(]0,00)), then denote

t
I(lﬂ)t:/o YrdB,.

as the Paley-Wiener map evaluated on .

5.1 Absolute Continuity

In this section, suppose that ¢ € HJ. Since Z (¢)_ exists, we can use the fact
that Z () : L*([0,00)) — L?(9) is an isometry to obtain the desired derivative.
Let t > 0, and denote

7t 1 Co([0,00)) = R 6+ 0(t)

27
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as the projection map to time t.
Lemma 5.1.1. Let 0 < s <'t, then
1. EWe(m) = o(t).
2. Cov™# (ms,m) = s At

3. Cov(By, I (Dy).)=¢(t).
Proof. Firstly,
EWe () = E(m 0 Sy 0 B) = E(B; + ¢(t)) = ¢(t)
Now,

Cov"V? (ms, m;) = EWe (s — BV () (my — EWVe ()
=E[(Bs +¢(s) — () (Bt + ¢(t) — o(t))]
—E(B,B) =sAt
Lastly, since 1jg, € L?, we can express
t oo
Bi= [ dB, = [ 100()aB =T (10,)..
0 0
As E [I (1[0,t})m] = E[Z(Dy),] = 0, and the Paley-Wiener map is a L?
isometry,

Cov (Bt,I(D(p)OO) = Cov (I (1[O»t])oo ,I(D(p)oo) = <I (1[07,5])00 ’I(DSD)OO>L2(Q)
= <1[0’t]7D<p>L2([O,OO)) - 0] D(p = @(t)
Define

E:Cy([0,00)) 5 R 6 exp [/ Dw(r)der—;IIDsoIS}
0

Theorem 5.1.2 (Cameron-Martin). Let K > 1,0<t < -+ < tg < 00, and
E: (é-la"' 76[{) E(CK IfQDE Hol, then

K K
exp (izgjﬂtj) E] = EW- [exp (izgjﬂ'tj)]
Jj=1 j=1

Since the distribution of (my,,--- , 7, ) is the same under EAW and W, for all
such combinations, W, < W with

EW

e = £0) = exp [ [~ Dotrras, - 3 1DlE]
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Proof. Firstly, we can expand

EW [¢i )= &im E} _E {eizj‘zlsj&ﬁz(w)w} . e~ 31IDell3

Denote
) By 1<j<K
T ZDy) J=K+1
then {Xi, -+, Xk11} is a family of centred Gaussian random variables with

covariance matrix
tinty 1<jk<K
. o(t;) 1<j<Kk=K+1
TV ety)  j=K+1,1<k<K
2 .
I1Dell; j=k=K+1

If & = (&1, , €k, —1), then
E [ 51 68 4200 )

E|: ZZK+1 :| :67%<5*’C*§*>
EW [eiz;;l&m E} — 3. e +IDel13)

Let C' € RE*E with C; x = t; At), be the covariance matrix of {X1, -+, Xk} =
{Btl, e Btk}, then

K+1 1

K K
(€0 = ZZ 3k5k+ng T8k

1 1 j=1k=1

+
=
+

<.
I
kol
I

M=

+ Ek 10k 41,18k + €k 110 +1, K418k 11

k

Il
—

K
= (£,C¢) lZ@s@ ) =iy &pltr) + (=) | Dl
k=1

— (¢,0¢) — 2@@-«:(@-) —[|1D¢lf3

j=1
SO

B [‘3iz§:1 R E} = ¢ 3 ((E.CTENHIDOIR) — o=3(6:08) . (i T &ie(ts)
—E {ei i §jBtj:| T ety

= E |:€i Zf:l gj(Btj +‘P(tj)):| — EW“’ |:€i Zf:1 fj”f«ji|
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5.2 Mutual Singularity

The following line of argument is taken from [3, Section 1.4] with some adapta-
tions. Even though ¢ itself may not be in Hg, we can linearise it at finitely many
points, such that the linearisation is in H}. Using the previous part, shifting
by the linearisation still provides a measure that is absolutely continuous with
respect to W. If ¢ ¢ H}, the Radon-Nikodym derivative will tend to 0 W-a.e.
as the linearisation becomes "more accurate”. However, since we can express
the probability of this event with respect to W, as a limit of integrating over
the Radon-Nikodym derivatives, it has probability zero with respect to W,,.

Let n € N and

Dnz{%:ogmgz%}

be the dyadic rational numbers with 2" in the denominator, from 0 to 2™.

Proposition 5.2.1. Let n € N, denote |x],, = 27" [2"x] as the n-th dyadic
floor of x, and define

o(x) xz € D,
P (@) = (1 =2"(x — z],) ¢ (lz],) +2"(z = 2], )e(lz], +27) =<2
o(2") >

as the linearisation of ¢ on points in Dy, then o™ is continuous, piecewise
linear, and differentiable a.e. with

Dot () = {(2) (), +27) — o(|z).)] Lx i"z: v<am

where the derivative is not guaranteed to exist on D,. Moreover, Dp(™ is
piecewise constant and in L?, so <p(") € Hg.

Proof. If x < 2", then z lies in the open interval I, = (|z],,|z],, +27"). In
which case |z, is constant for all z € I, and differentiating the line segment
directly gives

[0 -2@ lal) e (2l) + 2%~ L] Je(le), +27)

d

= - [F2"we (l2],) + 2"we(le), +27)] = 2" [o(l2], +27") — ¢ (l2],)]

n

If # > 27, then (™ (x) = p(2") is constant, so D™ (x) = 0 for all x > 2.
Now, since D™ is bounded by 2" max,ep, [¢(g+27") — ¢(q)], and vanishes
outside of [0,2"], Dp(™ € L2. O

The Paley-Wiener integral for functions in BV, NC([0, c0)) is defined as a limit
of Riemann-Stieltjes sums. The same should hold for these piecewise constant
functions, but it does require some work to drop the continuity requirement.



CHAPTER 5. CAMERON-MARTIN THEOREM 31

Proposition 5.2.2. Let 1) € L? be a piecewise constant function that vanishes
outside of a bounded set. If

k
ZC) = Z wjl[ajvbj)
7j=1

then

21/13 — B,;) (a.s.)

Proof. First suppose that 1) = 1j,) is the indicator function of an interval for
some 0 < a < b < oco. Let § > 0, then there exists a continuous function
X € BVioc NC([0,00)) such that X6|(a+6b 5) =1, X6l(a,p)e = 0, and || xs]|
(constructed as a piecewise linear function). In thls case,

Hl[a,b)_XJHQ S\/% HI(]-[a,b))oo_I(th)ong S\/%

var —

as the Paley-Wiener map is an isometry. Therefore Z (xs),, = Z (1[%5))00 in
I? as 6 = 0.

On the other hand, let € > 0 and w € Q, then B(w) is uniformly continuous on
[0,B], and there exists § > 0 such that |Bs(w) — By(w)| < & whenever s, ¢ € [0, b]
and |s — t| < §. This allows breaking the Riemann-Stieltjes integral as

b a+9d b—46 b
[ain) = [ xsape) = [ v+ | |, 1B + | o)
a+d b
= / XodB(w) + Bp—s(w) — Bats(w) + / XsdB(w)
0 b—o

Using the by parts formula,

a+d
/ XsdB(w)
0

a+d
— x5 (0 + 6) Buss(w) — x5(0) Bo(w) — / B(w)dys

By s(w / B(w)dys

Bays(w dX&-/ B(w)dxs

IN

Il
h

Bats(w) — B(w)) dxs| < €||Xsl]a = 2¢

Il
N
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Similarly, since x5(b) = 0 and xs(b—¢) =1,

b

= s ®Bue) o0 - Bis(e) = [ Blwlaa

/b " dBw)

=

b

= |-By_s(w) — b,(;B(w)dm

b

b
N[ Bys(w)dys / B(w)dys
b—o b—o

< 5‘|X6||var =2

_ /b (By_s(w) — B(w)) dxs

-8

Therefore

b
+ /b X(;dB(w)

-8

‘/x(sdB(W) — (By(w) — Ba(w))‘ < /OQH XsdB(w)

+ [By(w) — By—s()| + | Ba(w) — Bass(w)|
<2 +4+2+4+ec+¢e=06¢

So for every w € €2,

lim /X(;dB(w) — Bp(w) — Ba(w)

6—0
Since T (x5)o — L (1[%17))00 in L? and 7 (xs),, — Bp(w) — By(w) pointwise,
T (1[a’b))oo = Bb - Ba a.s.

From here, if ¢ = Zle Vil(a; b, then by linearity,

k k
T(W)s =Y 0T (Layn) ., = > %i(By— Ba) (a.s.)
j=1 j=1

O

Lemma 5.2.3 ([3, Theorem 1.40]). Let ¢ € Cy([0,00)), then HDQO(”)HE is a
non-decreasing sequence. Moreover, o € H} if and only if

2

sup HDap(") , < 00

neN

Proof. Suppose that ¢ € H}. Let n € N, g € D,,, then

2:/ 2:/ [@(Q+2”)¢(q)
2 lg,q+27"] l[g,q+27"] 27

= 2" [p(g +27") — o(a)]?

2

’ ’Dcp(") D™

la,q+27"]
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where by the Schwartz inequality,

lo(g+27") — o(q)| = ‘/1[q,q+2"] -Dw‘ < V27 - || Dy (g.g42-7]

[o(a+27) = (9)]” < || Delig.gra-n]|;

SO

2
HDw(")I L= |D¢lo2n|[2 < 1Dl 13

2 ()
e [P
qE D, :q<2m

and sup,,cy HDQD(")HE < [|Dglf3 < 0.

Now suppose that sup, <y HD(,D(”)Hz < 00, then the family {Dgo(”) in € N}
is bounded. By Theorem B.1.5, there exists a subsequence {Dgo("k')}cl)o that

converges weakly to some function ¢ € L?. In particular, for any ¢ € D,, and
k € N such that n, > n, ¢(q) = [ 10,4 - Do) So

o(q) =kli_>rr;o/1[o,q] - Dyl :/1[07q] p

Thus for any dyadic rational number ¢, p(q) = f[o d 1. For any ¢ > 0, let {qj}fl’o

be a sequence of dyadic rational numbers such that ¢;  t. Since ¢ € L?,
Hw|[07t]H1 < 00 (Theorem B.1.6),

@(t) = lim ¢(g;) = lim
J—00 Jj—o0 [0 q [O t]

by the Dominated Convergence Theorem. Therefore ¢ € H} with Do =1. O

Proposition 5.2.4 ([3, Theorem 1.38]). Let F, be the o-algebra generated by
the projection maps {mq : ¢ € D,,}, and define

2

)

E, =exp [I (Dgo(”))oo - % HD(p(")

then
1. {F, :n € N} is a filtration.
2. fWM =W|z and Wf,") = W,|, are the restrictions of W and W, to
Fn, then E, = %.
3. {E, : n € N} is a martingale with respect to {Fy,}.
Proof. Firstly, since D,,, C D,, whenever m < n, {F, : n € N} is a filtration.
For measurability, by Proposition 5.2.2 and Proposition 5.2.1,

z (Dsﬂ(")) =2" Y (pa+27") —¢(9) - (Byya—r — By)
qeD, <2
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which only depends on Brownian motion’s values on D,,. As the rest of the
expression do not depend on w, FE,, is measurable with respect to F,.

Now let 0 < ¢ < -+ < gx < oo with {q1,---,qx} C Dy, then by Theorem 5.1.2,
k k
E" |exp z’Z@wqj CE, | =EYem exp ZZ §imq;
j=1 j=1
Since @|Dn, = W(n) and {Q17 e 7Qk} C Dna

k k

W on . .

E7™ lexp ZE §mg, =E" |exp zE §img; | © Spim
Jj=1 j=1

k
=E" |exp iijwqj oS,
j=1

k
— W ;
=E"* |exp zg §iTy;
Jj=1

where S, is the translation map by ¢, and the integral with respect to W can be
replaced with an integral with respect to W) due to measurability. Since the
distribution of (7, , -7, ) is the same under E,dW and W, [1gE,dW =

(n)
[ 1gdW, for any E € F,,, and E,, = %.

Lastly, let 1 <m <n < o and E € F,,, then
/ EpndW'™ =W, (™ (E) =W, (" (E) = / E,dw™
E E

so E[E,|Fm] = En. O

Proposition 5.2.5 ([3, Theorem 1.38, Proof]). If ¢ & H{, then

1 2

lim [I (D(p(")) - = HD(,O(") ‘ ] =—-o00 lim E,=0 (a.s.)

n— o0 0o 2 2 n— o0

Proof. Since {E,}]° is a non-negative martingale with respect to {F,}, it is
a supermartingale with no negative parts, so sup,cyE[E,] < co. By the
Martinagle Convergence Theorem (I), there exists E,, € L% such that E,, — E
almost surely. As exp is a continuous function, Z (Dp(™) _— 1 || D™ |§ must
also converge a.s. as n — oo.

Since each I(D(p(”))oo is a centred Gaussian with variance HD(,D(”)Hz and

2, . . . .
HD@(")HQ is a non-decreasing sequence in n, by Chebychev’s inequality, for
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any 1 <m <n < oo,

2

1 1 2
P{I(D%"(’L’)W‘QHDS"(") 271 ’D@(m)Hg}

_ 1D _ el
2 = 4
|5 11De[; = 5 l[Dem 3 15 [1Pell,
16
1D,

as n — oco. Therefore for any m € N,

lim P {I (17<p(">)oo - % ‘Dgo(") i

n— 00

1 2
> D(m)H =0
2 4H ¥ 2

As HD@(”) | |; /" 00, and the above holds for all m > 0,

7 (D(p(")>

as n — oo in probability. Since the sequence also converges a.s.,

1 2
- - ‘Dgo(”) ‘ — —00
2 2

oo

= -0 (a.s.)

lim 7 (Dgo(”))oo - % HDW) )

n—oo

O

Theorem 5.2.6 (Cameron-Martin [3, Theorem 12.32, Proof]). If p & H}, then
W, LW.

Proof. Let
FE =limsup E,,

n— oo

then by Proposition 5.2.5, E = 0 W-a.s. On the other hand, for any n € N and
M > 0, the event {E,, < M} is in F,, so

W, ({su B < M) =Wl < a0y =W (B, < 31

m>n
=EY" [E,;E, < M] =E" [E,; E, < M]
=EY[E, A M|

By the dominated convergence theorem,

W, ({E < M}) = li_)rn W, ({ sup E,, < M})
n—00 m>n

= lim EV[E,AM]=EW(E)=0

n— oo
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s0 W,({E = 00}) = limpr0o W,({E > M}) = 1. Therefore we have two dis-
joint sets {E = oo} and {E = 0}, where

We({E =o00}) =1 WHE=0})=1

as both measures are probability measures, and assign probability 1 to two
disjoint sets, W, L W. O
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Notations

Let X be a topological space. If E C X, then E denotes its closure. If X
is a metric space, then B(z,r) is the open ball of radius r centred at x. The
set B(X) is the Borel o-algebra on X. A measure defined on B(X) is called a
Borel measure. R¢ refers to the standard Euclidean space, which comes with
the Lebesgue measure m. If 2,y € R?, then

d
(@,y) = zjy
j=1

refers to the dot/inner product, and |z| = (x,x) is its standard norm. Unless
otherwise specified, the dimension is always fixed, and d always refers to the
dimension of this space. On the Euclidean space, define the following spaces of
continuous functions:

o C.(R%): real-valued compactly supported continuous functions.

e D = (O®(R?): real-valued compactly supported smooth functions.
e Co(R?): real-valued functions that vanish at infinity.

e BC(R%): bounded real-valued continuous functions.

all of which are equipped with the uniform norm. Unless specified otherwise,
C., C*, Cy, BC are short-hands for the above spaces, referring to functions
defined on R?.

Let (X, M, i) be a measure space and f: X — Cor f: X — R define

1/p
1711, = Uflpdu]

to be its LP-norm. If ||f||, < oo, then f € LP(u). Also denote
[|fllo =esssup(f) =inf{a > 0: pu({z € X : |f(z)| > a}) =0}

37
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as the essential supremum, and

I, = sup{|f(z) : x € X}

as its uniform norm. If f € L', then we denote the integral of f as

[ tin= [ t@nto) = [ sutiz)

Writing LP without specifying a measure always refers to LP(RY, B(R),m),
where m is the Lebesgue measure. If an integral is denoted without a mea-
sure, then it is taken with respect to the Lebesgue measure. If z € C, the T
denotes its conjugate. If f and ¢ are complex-valued measurable maps on R%,

o)~ [ 9

is the standard inner product (if the integral exists).

If f € L! is a measurable map, then

fle) = / f(@)e s di

is its Fourier transform (taken without the —2x). If y is a Borel probability
measure, then

A(e) = [ ¢ 9dn(o)
is its characteristic function.
If f,g € L', then
fro@) = [ 1= 2wy

is their convolution. If p and v are probability measures, then

pry = / W(E — z)dp(z)

is their convolution.

If (2, F,P) is a probability space, X is a random variable, and F € F is an
event, then

mxszu4ﬂ=/xw
E
If E={ -} can be expressed as a condition (say {X > 0}), then

E[X; - |=E[X;{}| =E[X;E]
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A.1 Citation Legend

Some proofs in the document are indicated to be adapted from sources, with
additional details filled in to make the proof more complete. These kind of
sections/chapters will have a sentence indicating this in the beginning.

e Blocks without any citation are additional steps created to organise the
proof or fill in background information.

e Blocks with a citation of the form ”[?, Theorem XX]” are statements
mentioned in the original proof, with a proof filled in for completeness.

e Proposition/lemmas with a citation of the form ”[?, Theorem XX, Proof]”
contain equations or steps copied directly from the work.



Appendix B

Generally Useful Results

The following section of results are used in more than one task, and hence
consolidated here.

B.1 Functions and Functional Analysis

Theorem B.1.1 (Urysohn’s Lemma [!, Theorem 4.15]). Let A,B C R? be
disjoint closed sets, then there exists a continuous function f : R% — [0,1] such
that f =0 on A and f =1 on B.

Theorem B.1.2 (Smooth Urysohn’s Lemma, [1, Theorem 8.18]). Let K C R¢
be a compact set, and U D K be a precompact open set. Then there exists
¢ € C>(R%,[0,1]) such that ¢|x =1 and @|ze = 0 (supported in U).

Theorem B.1.3 ([I, Theorem 4.35]). Co(R?) is the closure of C.(R?) with

respect to the uniform norm, which makes it a Banach space.

Theorem B.1.4 ([I, Lemma 8.4]). Let f € C.(R?), then f is uniformly con-
tinuous.

Theorem B.1.5 (Alaoglu’s Theorem [I, Theorem 5.18]). If X is a normed
vector space, then the closed unit ball {f € X* : ||f|| < 1} in X* is compact in
the weak™* topology.

Theorem B.1.6. Let (X, M,u) be a measure space. If u(X) < oo and 0 <
p < q < oo, then LP(u) D L9(p) and ||f||, < || ||, p(X)H/P)=(/a).
Proposition B.1.7 ([1, Proposition 8.17]). C°(R?) is dense in Co(R%) with
respect to the uniform norm. Moreover, if f € Co(R?) > 0, then there exists a
sequence {pn};° C C(RY) such that v, > 0 and @, — ¢ uniformly.

Theorem B.1.8 (Taylor’s Formula [2, XIII. §6]). Let E, F be Banach spaces,
U C E be open, and f : U — F be of class CP. Let x € U and y € E such
that the line segment {x + ty : 0 <t < 1} is contained in U. Denote y*) as the

40
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k-tuple (y,--- ,y), then

pr-1 (r—1)
RSO A€ il

1 p_1r Tl

where

Y-t
R, = /0 WD”]‘(@’ + ty)yPdt

B.2 Fourier Analysis

Theorem B.2.1 ([1, Corollary 8.28]). The Fourier transform is a continuous
mapping of S to itself. Therefore for any f €S, f € S C L.

Theorem B.2.2 ([I, Theorem 8.22b]). Let T € L(R% R?) be an invertible
linear map and S = (T*)™1, then

~

— foS
T:
Fol = qer
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